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Abstract
We discuss Partially Quenched Chiral Perturbation Theory (PQχPT) and pos-
sible fitting strategies to Lattice QCD data at next-to-next-to-leading order
(NNLO) in the mesonic sector. We also present a complete calculation of the
masses of the charged pseudoscalar mesons, in the supersymmetric formulation
of PQχPT. Explicit analytical results are given for up to three nondegener-
ate sea quark flavors, along with the previously unpublished expression for
the pseudoscalar meson decay constant for three nondegenerate sea quark fla-
vors. The numerical analysis in this paper demonstrates that the corrections
at NNLO are sizable, as expected from earlier work.
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We discuss Partially Quenched Chiral Perturbation Theory (PQχPT) and possible fitting strate-
gies to Lattice QCD data at next-to-next-to-leading order (NNLO) in the mesonic sector. We also
present a complete calculation of the masses of the charged pseudoscalar mesons, in the supersym-
metric formulation of PQχPT. Explicit analytical results are given for up to three nondegenerate
sea quark flavors, along with the previously unpublished expression for the pseudoscalar meson
decay constant for three nondegenerate sea quark flavors. The numerical analysis in this paper
demonstrates that the corrections at NNLO are sizable, as expected from earlier work.
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I. INTRODUCTION
The generally accepted theory of the strong interac-
tion, Quantum Chromo Dynamics (QCD), provides in
principle a way to derive various low-energy hadronic ob-
servables, such as masses and decay constants. However,
an analytic ab initio derivation of such properties has not
yet been possible. An alternative approach called Lattice
QCD, where the functional integrals are evaluated using
numerical Monte Carlo techniques on a discretized space-
time lattice, suggests a way around this problem, but is
nevertheless not free of difficulties of its own. In partic-
ular, the properties of low-mass particles are especially
difficult to calculate as they can propagate over large dis-
tances on the lattice, giving rise to large nonlocal correla-
tions which limit the precision obtainable with given com-
puter resources. As a consequence, most simulations have
been performed with heavier quark masses than those of
the physical world. The quark masses used in present
Lattice QCD simulations typically fulfill mu,d ≥ ms/8.
The results then have to be extrapolated down to the
physical masses of ∼ ms/25.
The preferable way to perform the extrapolation to
physical quark masses is by means of Chiral Perturba-
tion Theory (χPT) [1, 2], which provides a theoretically
correct description of the low-energy properties of QCD
within the range of quark masses where χPT calcula-
tions can be considered accurate enough. In particular,
the appearance of so-called chiral logarithms renders sim-
ple polynomial extrapolation insufficient. If the Lattice
QCD simulations are performed with quark masses in
the chiral regime, i.e. with quark masses for which χPT
calculations are reliable, then they can be used to e.g.
determine the effective low-energy constants (LEC:s) of
χPT. Nevertheless, in practice it is still difficult to reach
the chiral regime and therefore many large scale lattice
simulations of so-called quenched QCD have been per-
formed, in which the effects of closed (sea) quark loops
are neglected. Consideration of such loop effects requires
repeated evaluation of fermion determinants, which is
computationally extremely expensive. It should be noted
that first Lattice QCD calculations with sea quark masses
significantly below ms are now becoming available.
From a computational point of view, it is however
much cheaper to vary the valence quark masses mval
rather than those of the sea quarks, msea. Therefore it
is not uncommon to perform simulations where the sea
quark loops are not neglected, but rather suppressed by
choosingmsea > mval, or even nsea 6= nval, where nval and
nsea denote the number of each quark species in the the-
ory. Such procedures are referred to as partial quenching
and lead into a space of unphysical theories.
A. Partially Quenched Theories
At first, one might expect that partially quenched
(PQ) theories could yield only qualitative information
about QCD. However, since unquenched QCD may be re-
covered from partially quenched QCD (PQQCD) in the
limit of equal sea and valence quark masses, it follows
that QCD and PQQCD are continuously connected by
variation of sea quark masses. In contrast, this is not true
for fully quenched QCD. Nevertheless, χPT can be ex-
tended to the case of quenched QCD, which was done by
Bernard, Golterman and Sharpe [3, 4] after earlier work
by Morel [5]. The extension to the partially quenched
case was done in Ref. [6]. A more extensive discussion
can be found in the work of Sharpe and Shoresh [7, 8].
The formulation of Partially Quenched Chiral Pertur-
bation Theory (PQχPT) is such that the dependence on
the sea quark masses is explicit, and thus the limit of
equal sea and valence quark masses can also be consid-
ered for PQχPT. It follows that χPT is recovered as a
continuous limit of PQχPT just as QCD is from PQQCD.
2In particular, the LEC:s of χPT, which are of physi-
cal significance, can be obtained directly from those of
PQχPT. In addition, the ability to vary valence and sea
quark masses separately allows more information to be
extracted at fewer values of the sea quark masses. This is
another reason to consider PQQCD in lattice simulations
as discussed in detail in Ref. [7].
This paper is devoted to the extension of PQχPT to
next-to-next-to-leading-order (NNLO). The discussions
already given in Refs. [9, 10, 11] are completed and the
calculations of the masses and decay constants of the
charged, or off-diagonal, pseudoscalar mesons are com-
pleted for the case of nsea = 3. It should be noted that
indications already exist, by the [qq+q] collaboration [12]
and the MILC collaboration [13], that the O(p6) contri-
butions to these quantities are sizable, and that the inclu-
sion of such effects can have a significant impact on the
chiral extrapolations down to the physical quark masses.
More examples can be found in the proceedings of the
Lattice 2005 conference.
B. Partially Quenched χPT at NNLO
The meson masses and decay constants of the pseu-
doscalar mesons in PQχPT for nsea = 3 to NLO, one
loop, or O(p4) in the momentum expansion, were calcu-
lated in Refs. [6, 7, 8]. First results for these quantities
at NNLO, two loops, or O(p6), namely the mass of a
charged pseudoscalar meson for degenerate sea and de-
generate valence quark masses, can be found in Ref. [9].
The NNLO expression for the decay constant of a charged
pseudoscalar meson with two nondegenerate sea quarks
has been calculated in Ref. [10]. The full results for pseu-
doscalar meson masses and decay constants for nsea = 2
were given in Ref. [11]. This paper presents the full non-
degenerate calculations of the charged pseudoscalar me-
son mass to NNLO for nsea = 3, along with the calcu-
lation of the decay constant for three nondegenerate sea
quarks.
In general, the NNLO expressions are very long, but it
is possible to shorten them considerably by introducing a
specialized notation which can accommodate the compli-
cations inherent in PQχPT. Furthermore, this notation
satisfies many different algebraic relations, which allows
for a systematic simplification to be carried out. In the
next sections, the technical background for the NNLO
calculations, together with the above-mentioned notation
is presented, followed by the results for the NNLO masses
and decay constants of the charged pseudoscalar mesons,
and a numerical analysis. All analytical formulas are
given explicitly, but they can also be downloaded from
the website [14].
This paper is organized in the following manner:
Sect. II introduces PQχPT and discusses the various as-
pects relevant for calculations at NNLO. In particular,
the relations between the various sets of LEC:s are high-
lighted. This section also includes an overview of all no-
tation used for loop integrals and combinations of quark
masses. Sects. III and IV contain the analytical NNLO
expressions for the masses and decay constants of the
charged pseudoscalar mesons. Sect. V presents a discus-
sion of the checks performed on the analytical and nu-
merical calculations, a numerical analysis of the results,
and an elaboration on the extraction of the various LEC:s
from Lattice QCD calculations is given in Sect. VE. Our
conclusions are shortly discussed in Sect. VI.
II. TECHNICAL ASPECTS OF PQχPT
The technical aspects of PQχPT calculations to NLO
have been thoroughly covered, for the supersymmetric
formulation of PQχPT, in Refs. [7, 8]. The new parts spe-
cific to the NNLO calculations have been covered briefly
in Refs. [9, 10, 11]. The aim of this section is to collect
all this information in one place and describe the NNLO
aspects in somewhat greater detail.
A. Supersymmetric PQχPT
Let us first recall a few aspects of χPT, and note in
passing that introductions to the subject can be found
e.g. in Ref. [15]. For nf massless quark flavors, QCD has
a chiral symmetry
G = SU(nf)L × SU(nf )R , (1)
which is spontaneously broken by the vacuum to its di-
agonal subgroup H = SU(nf)V , where V = L+R. The
Goldstone bosons produced by this spontaneous break-
down live on the coset G/H which is also an SU(nf )
manifold and can be parameterized in terms of a special
unitary matrix U . This matrix is conventionally written
in terms of a traceless Hermitian matrix according to
U ≡ exp
(
i
√
2φ/F
)
(2)
where the constant F with dimension of energy can be
shown to be related to the decay constant of the pion.
For three quark flavors (u, d, s), the matrix φ has a flavor
structure
φ =

 uu¯ ud¯ us¯du¯ dd¯ ds¯
su¯ sd¯ ss¯

 . (3)
The above considerations do not distinguish between
valence and sea quarks whereas the construction of a PQ
theory requires a mechanism which gives different masses
to sea quarks and valence quarks. This effect may be pro-
duced in a systematical way by adding to χPT explicit
sea quarks as well as unphysical bosonic ghost quarks.
The latter cancel exactly all effects of closed valence
quark loops due to their different statistics, provided that
their masses are identical to those of the valence quarks.
3Supersymmetric PQχPT thus contains a set of fermionic
as well as bosonic quarks. This leads to a modification
of the chiral symmetry group as given by Eq. (1), which
in the PQ theory has the graded structure
G = SU(nval + nsea|nval)L × SU(nval+ nsea|nval)R . (4)
The precise structure of G is somewhat different as dis-
cussed in [7, 8]. This theory contains nval valence and
nval ghost quarks, as well as nsea flavors of sea quarks.
As the PQ theories include bosonic ghost quarks, they
are not normal relativistic quantum field theories since
they violate the spin-statistics theorem. However, under
the assumption that the low-energy structure of such a
theory can be described similarly to the case of normal
QCD, one arrives at an effective low-energy theory in
terms of a matrix U , according to
U ≡ exp
(
i
√
2Φ/Fˆ
)
, (5)
where the matrix Φ now has a more complicated flavor
structure than φ in Eq. (3) because of the different types
of quarks present. In terms of a sub-matrix notation for
the flavor structure
qaq¯b =

 uau¯b uad¯b uas¯bdau¯b dad¯b das¯b
sau¯b sad¯b sas¯b

 , (6)
the matrix Φ becomes
Φ =


[
qV q¯V
] [
qV q¯S
] [
qV q¯B
]
[
qS q¯V
] [
qS q¯S
] [
qS q¯B
]
[
qB q¯V
] [
qB q¯S
] [
qB q¯B
]

 , (7)
where the labels V, S and B stand for valence, sea and
bosonic quarks, respectively. The size of each sub-matrix
depends on the exact number of quark flavors used.
The quarks qV , qS and their respective antiquarks are
fermions, while the quarks qB and their antiquarks are
bosons. Thus a combination of a fermionic quark and a
bosonic quark yield a fermionic (anticommuting) field,
while a combination of two fermionic or two bosonic
quarks result in a bosonic field. Each sub-matrix in
Eq. (7) therefore consists of either fermionic of bosonic
fields only. Although in principle arbitrary, the bosonic
quarks are given the same masses as the corresponding
valence quarks in order to cancel the contributions from
closed valence quark loops. The above formalism is of-
ten referred to as supersymmetric PQχPT, although this
only refers to the graded group structure of the matrices
used in the construction of the theory. Furthermore, the
term ’bosonic’ merely indicates that those quark terms
are treated as commuting variables. They are still spin
1/2 particles since the quark-antiquark pairs should build
up particles with spin 0, representing the mesons of the
theory. This violation of the spin-statistics theorem im-
plies, as stated above, that in general the PQ theory is
not a (fully causal) field theory.
In the version of PQχPT used in this paper, the sin-
glet Φ0 field has been dropped as discussed in Ref. [8].
This PQ singlet is expected to be heavy due to the axial
anomaly in the same way as the η′ which is not included
in unquenched χPT. Having defined the supersymmet-
ric field matrix Φ in Eq. (7), one then proceeds by con-
structing an effective Lagrangian for the PQ theory by
requiring that this Lagrangian should be invariant under
SU(nval+nsea|nval)L×SU(nval+nsea|nval)R in the same
way as the Lagrangian of χPT was required to be invari-
ant under SU(nf)L×SU(nf)R. This modification results
in the same Lagrangian structure as for χPT, provided
that the traces of matrix products in those Lagrangians
are replaced by supertraces. The supertraces are defined
in terms of ordinary traces by
Str
(
A B
C D
)
= TrA− TrD , (8)
where A,B,C and D denote block matrices. For exam-
ple, the block B corresponds to the [qV q¯B] and [qS q¯B]
sectors of the field matrix in Eq. (7) and contains anti-
commuting fields, while the blockD represents the [qB q¯B]
sector of Eq. (7). Note that the removal of Φ0 implies the
assumption
Str (Φ) = 0 . (9)
The entire external field formalism introduced by Gasser
and Leutwyler [2] for χPT can be generalized to include
the extra degrees of freedom. In practice, external fields
will be used in the valence sector only.
B. Lagrangians and LECs
We now proceed with the construction of the La-
grangians for the Goldstone bosons and organize them
according to the Weinberg power counting scheme. The
external fields included are the vector and axial-vector
fields vµ and aµ, as well as the scalar and pseudo-scalar
external sources s and p. These are the suitably general-
ized versions of those used in standard χPT [2]. Under a
symmetry transformation gL,R ∈ SU(nval+nsea|nval)L,R
the fields transform as
U → gR U g†L,
χ ≡ 2Bˆ (s+ ip) → gR χ g†L,
lµ ≡ vµ − aµ → gL lµ g†L − i∂µ gL g†L,
rµ ≡ vµ + aµ → gR rµ g†R − i∂µ gR g†R. (10)
However, one can also define another set of quantities
which behave differently under chiral symmetry trans-
formations, and which turn out to be more useful for the
construction of the Lagrangians. If one considers
u ≡ exp
(
iΦ/(
√
2Fˆ )
)
, (11)
4then it is possible to find a matrix h such that
u→ gR u h† = hu g†L . (12)
One can then proceed by constructing a set of quantities
that transform under chiral symmetry as X → hX h†.
Such quantities are
uµ = i
{
u†(∂µ − irµ)u− u (∂µ − ilµ)u†
}
,
χ± = u
†χu† ± uχ† u,
fµν± = uF
µν
L u
† ± u†FµνR u, (13)
where FL and FR denote the field strengths of the exter-
nal fields l and r, such that FµνL = ∂
µlν−∂ν lµ− i [lµ, lν].
FµνR is then defined analogously in terms of r. It should
be noted that the Minkowski convention is used through-
out this paper instead of the Euclidean one needed in lat-
tice QCD, in order to maintain compatibility with the ex-
isting literature in NNLO χPT. In terms of the quantities
defined in Eq. (13) the lowest order, or O(p2) Lagrangian
is given by
L2 = Fˆ
2
4
〈uµuµ + χ+〉, (14)
where the shorthand notation
〈A〉 = StrA (15)
has been introduced. At this level there are two parame-
ters Fˆ and Bˆ, which depend on the number of sea quark
flavors in the PQ theory. In the power counting scheme,
each derivative or factor of lµ, rµ counts as one, and each
factor of s, p as two powers of the momentum p. The or-
der in p is indicated by the subscript of the Lagrangian.
The O(p4) Lagrangian has the generic form [2]
L4 =
12∑
i=0
LˆiXi + contact terms
= Lˆ0 〈uµuνuµuν〉+ Lˆ1 〈uµuµ〉2 + Lˆ2 〈uµuν〉〈uµuν〉
+ Lˆ3 〈(uµuµ)2〉+ Lˆ4 〈uµuµ〉〈χ+〉+ Lˆ5 〈uµuµχ+〉
+ Lˆ6 〈χ+〉2 + Lˆ7 〈χ−〉2 + Lˆ8
2
〈χ2+ + χ2−〉
− iLˆ9 〈fµν+ uµuν〉+
Lˆ10
4
〈f2+ − f2−〉
+ iLˆ11
〈
χˆ−
(
∇µuµ − i
2
χˆ−
)〉
+ Lˆ12
〈(
∇µuµ − i
2
χˆ−
)2〉
+ Hˆ1 〈F 2L + F 2R〉+ Hˆ2 〈χχ†〉, (16)
where the definition χˆ− ≡ χ− − 〈χ−〉/nsea has been ap-
plied. Furthermore, the lowest order equation of motion
is given by
∇µuµ − i
2
χˆ− = 0. (17)
The Lagrangian of Eq. (16) contains three types of terms.
Of these, the terms proportional to Hˆi are contact terms
which contain external fields only. Thus they are not rel-
evant for low-energy phenomenology, but they are nec-
essary for the computation of operator expectation val-
ues. Their values are determined by the precise definition
used for the QCD currents, and they are conventionally
labeled hri and H
r
i for unquenched χPT with nf = 2 and
nf = 3 quark flavors, respectively. The terms that de-
pend on Lˆ11 and Lˆ12 are proportional to the equations
of motion, and as such they can always be reabsorbed in
higher order LEC:s, see Ref. [16] for a full proof. The La-
grangian at O(p6) is also known [17] and can be written
in the form
L6 =
112∑
i=1
KˆiYi + contact terms, (18)
where the form of the operators Yi can be found in
Refs. [16, 17]. The PQχPT operators may again be ob-
tained from the results of Refs. [2, 16, 17] if all traces are
replaced by supertraces. All manipulations and identities
used there to decrease the number of terms in the O(p6)
Lagrangian, such as integration by parts and usage of the
equation of motion, remain valid under this modification.
This is why it is possible to apply the nf flavor results
of Refs. [2, 16, 17] to PQχPT by using the appropriate
graded matrices and supertraces.
The divergences of PQχPT follow directly from those
of nf flavor χPT calculated in Ref. [16], provided that
nf is set equal to the number of sea-quark flavors. This
is so since all the manipulations in Ref. [16] for nf fla-
vors remain valid when traces are replaced with super-
traces. Alternatively, this derivation of the Lagrangians
of PQχPT can be argued for with the Replica method of
Ref. [18]. The renormalization procedure is thus identical
with the one of χPT also in the partially quenched case.
An extensive discussion of this procedure can be found in
TABLE I: The different sets of LEC:s for unquenched (nf )
and partially quenched (nsea) χPT. The number of physically
relevant terms in each set is indicated by nph, and the number
of contact terms by nct. The relationships between the various
LEC:s are discussed in the text.
χPT χPT χPT PQχPT PQχPT
nf , nsea 2 3 n 2 3
LO F,B F0, B0 F
(n)
0 , B
(n)
0 F,B F0, B0
NLO lri L
r
i L
r(n)
i L
r(2pq)
i L
r(3pq)
i
nph + nct 7+ 3 10+2 11+ 2 11+ 2 11+ 2
NNLO cri C
r
i K
r(n)
i K
r(2pq)
i K
r(3pq)
i
nph + nct 53+4 90+4 112+3 112+ 3 112+ 3
5Ref. [16] and references therein. The finite parts of the Lˆi
and Kˆi for the different theories considered are summa-
rized in Table I. For the case of χPT with two or three
flavors the generic Lagrangians referred to above can be
further simplified using the Cayley-Hamilton relations for
2× 2 or 3× 3 matrices. These allow for a further reduc-
tion of the number of operators, resulting in the different
sets of constants shown in Table I. The superscript r for
the NLO and NNLO LEC:s indicates that they are the
renormalized versions as defined in Ref. [16]. In particu-
lar, the NNLO coefficients are given by the finite parts of
the Kˆi, multiplied by Fˆ
2 in order to obtain dimensionless
quantities.
Consider next the LEC:s of PQχPT with n flavors of
sea-quarks, which to lowest order are identical to those
of unquenched n flavor χPT. At NLO, they are L
r(npq)
0
through L
r(npq)
12 , but as argued above the two terms
L
r(npq)
11 and L
r(npq)
12 can be removed using field redefi-
nitions or the equations of motion [16, 17]. For three
flavors of sea-quarks, the standard choice is
L
r(3pq)
11 = L
r(3pq)
12 = 0, (19)
whereas the unquenched two-flavor Lagrangian as defined
in the first paper of Ref. [2] differs by an Lr11 type term.
This makes no difference at NLO since that term does not
contribute, but in order to get the correct correspondence
at NNLO between the lri , c
r
i and the L
r(2pq)
i ,K
r(2pq)
i one
should take
L
r(2pq)
11 = −lr4/4, Lr(2pq)12 = 0. (20)
For the case of three sea-quarks, the Lri are simple linear
combinations of the L
r(3pq)
i , which have been given in
Refs. [10, 17]. Explicitly,
Lr1 = L
r(3pq)
1 + L
r(3pq)
0 /2,
Lr2 = L
r(3pq)
2 + L
r(3pq)
0 ,
Lr3 = L
r(3pq)
3 − 2Lr(3pq)0 , (21)
and
Lr4...12 = L
r(3pq)
4...12 , (22)
which indicates, as also discussed in Ref. [19], that L
r(3pq)
0
is an independent LEC in partially quenched χPT with
nsea = 3, but in unquenched χPT it can be absorbed
into Lr1, L
r
2 and L
r
3. One can therefore conclude that
the numerical value of L
r(3pq)
0 cannot be determined by
experiment, but is accessible via partially quenched Lat-
tice QCD simulations. Similarly at NNLO, the Cri of
unquenched χPT are linear combinations of the K
r(3pq)
i ,
and the corresponding relations have been derived in
Ref. [17].
The expressions given in the following sections of this
paper concern PQχPT with nsea = 3 only, and therefore
the superscripts (3pq) of the L
r(3pq)
i and the K
r(3pq)
i have
been suppressed in most of the remaining equations.
C. Quark Masses and Propagators
The version of PQχPT considered in this paper has
three flavors of valence quarks (nval = 3), three flavors of
sea quarks (nsea = 3) and consequently three flavors of
bosonic ’ghost’ quarks. For simplicity, the different quark
masses are identified in the following calculations by the
flavor indices i = 1, . . . , 9, rather than by the indices
u, d, s and V, S,B of Eqs. (6) and (7). The results are
expressed in terms of the quark masses mq via the quan-
tities χi = 2B0mqi such that χ1, χ2, χ3, belong to the
valence sector, χ4, χ5, χ6 to the sea sector, and χ7, χ8, χ9
to the ghost sector. The latter ones do not appear in the
results since the ghost quark masses are always set equal
to the masses of the corresponding valence quarks, such
that χ7 = χ1, χ8 = χ2 and χ9 = χ3. As discussed above,
this is necessary in order to cancel the disconnected va-
lence quark loops, which are replaced by the shifted mass
contributions that involve the sea quarks.
Furthermore, the quantities dval and dsea are used to
indicate the number of nondegenerate quark masses in
each sector. Thus dval = 1 has all valence quark masses
degenerate, such that χ1 = χ2 = χ3, while dval = 2
indicates that χ1 = χ2 6= χ3. Finally, in the case of
dval = 3, which is not needed in the present calculations,
χ1 6= χ2 6= χ3. In a similar way, for the sea quark masses
dsea = 1 implies that χ4 = χ5 = χ6, while for dsea = 2
one has χ4 = χ5 6= χ6, and for dsea = 3 all the sea
quark masses are nondegenerate, such that χ4 6= χ5 6=
χ6. The notation (dval + dsea) is often used in this paper
to indicate what degree of degeneracy in the quark masses
is being considered. For example, the expression for the
pseudoscalar meson mass for nval = 2 and nsea = 3 in the
(1+2) case depends on one (degenerate) valence quark
mass and two distinct (nondegenerate) sea quark masses.
The meson propagators for the supersymmetric for-
mulation of PQχPT have been calculated in Ref. [8], and
they correspond to the limit m0 → ∞ of the results in
Ref. [3], where m0 is the mass parameter of the singlet
field Φ0. Again, for calculational reasons, the results of
Ref. [8] have been translated from the Euclidean formal-
ism into Minkowski space. In general, three distinct types
of propagators are encountered in the calculations. The
simplest one is the propagator of a charged, or flavor-off-
diagonal meson, connecting the meson field qiq¯j with its
antifield qj q¯i. It is given by [8]
− i Gcij(k) =
ǫj
k2 − χij + iε (i 6= j) . (23)
where the combination of quark masses χij ≡ (χi+χj)/2
corresponds to the lowest order meson masses, and the
signature vector ǫj is defined as +1 for the flavor indices
of the nval + nsea fermionic quarks, and as −1 for the
flavor indices of the nval bosonic ghost quarks. In the
present calculation, with the number of valence and sea
6quarks as given above, ǫj assumes the values
ǫj =
{
+1 for j = 1, . . . , 6
−1 for j = 7, 8, 9 . (24)
The propagator of a neutral, or flavor-diagonal me-
son, has a more complicated structure, since it connects
mesons with different flavor indices as well. A propagator
which connects the meson fields qiq¯i and qj q¯j is written
in the form [8]
Gnij(k) = G
c
ij(k) δij −Gqij(k)/nsea, (25)
where the second term Gqij(k) is expressed in terms of
a sum of single and double poles [7, 8]. There are two
distinct cases, as the double pole only appears if either
i = j or χi = χj . For i 6= j and χi 6= χj , the propagator
Gqij is given by
− i Gqij(k) =
Rijpiη
k2 − χi + iε +
Rjipiη
k2 − χj + iε
+
Rpiηij
k2 − χpi + iε +
Rηpiij
k2 − χη + iε , (26)
where the factors R are referred to collectively as the
single pole residues. For i = j or χi = χj , the residues of
the first two terms in eq. (26) become singular and the
whole expression should be replaced by
− i Gqij(k) =
Rdi
(k2 − χi + iε)2 +
Rci
k2 − χi + iε
+
Rpiηii
k2 − χpi + iε +
Rηpiii
k2 − χη + iε , (27)
where the residue of the double pole is denoted Rdi . Note
also the appearance of an auxiliary residue Rci in eq. (27).
All expressions for the propagator Gqij depend on the
lowest order neutral pion and eta meson masses in the
sea quark sector, which are denoted by χpi and χη. For
dsea = 3 these are determined by the relations
χpi + χη =
2
3
(χ4 + χ5 + χ6) ,
χpiχη =
1
3
(χ4χ5 + χ5χ6 + χ4χ6) , (28)
which have no polynomial solution, but for dsea = 2 one
has χpi = χ4 and χη = 1/3χ4 + 2/3χ6. The propagators
for dsea = 2 can then be obtained from Eqs. (26) and (27)
by taking the appropriate limits. In particular, the terms
with a pole in χpi are no longer present. For dsea = 1,
the fact that χpi = χη = χ4 gives rise to several further
simplifications, and in that case the terms with a pole in
χη vanish as well.
The residues R of the neutral meson propagators in
PQχPT are in general rational functions of the sea and
valence quark masses which can be expressed in terms of
the more general quantities Rza...b defined by
Rzab = χa − χb,
Rzabc =
χa − χb
χa − χc ,
Rzabcd =
(χa − χb)(χa − χc)
χa − χd ,
Rzabcdefg =
(χa − χb)(χa − χc)(χa − χd)
(χa − χe)(χa − χf )(χa − χg) , (29)
and so on. Note that Rza...b has the same dimension as
χi for an even number of indices and is dimensionless for
an odd number of indices. For the case of dsea = 3, the
residues generated by Eqs. (26) and (27) are
Rijkl = R
z
i456jkl ,
Rdi = R
z
i456piη ,
Rci = R
i
4piη +R
i
5piη +R
i
6piη −Ripiηη −Ripipiη. (30)
From these definitions, it is apparent that residues of the
type Rdi or R
i
jpiη vanish if i is a sea-quark index. Thus the
propagators in the sea-quark sector of PQχPT contain no
double poles as expected, since the origin of the double
poles lies in the quenching of the valence quark loops. For
the case of dsea = 2, due to the cancellations in the sea-
quark sector (as discussed above) the residues simplify
to
Rijk = R
z
i46jk,
Rdi = R
z
i46η,
Rci = R
i
4η +R
i
6η −Riηη, (31)
so that the index π no longer appears. For the case of
dsea = 1, all residues associated with the sea quark sec-
tor have reduced to numbers. Some nontrivial residues
can still appear if the valence quarks are nondegenerate.
These are
Rij = R
z
i4j ,
Rdi = R
z
i4 , (32)
where the double-pole residue has been retained mainly
for notational consistency. Finally, it should be noted
that if the sea quark masses are set equal to the valence
quark masses, the propagator residues of PQχPT reduce
so that the π0 and η meson propagators of unquenched
χPT are recovered.
Typically, a direct NNLO calculation with the propa-
gators of Eqs. (26) and (27) produces a large number of
redundant residues in the output. This problem is espe-
cially troublesome for the larger values of dsea and dval.
It is thus useful to note that the various residues R sat-
isfy a large number of algebraic relations, which provide
an efficient, albeit tedious, way to simplify and compress
the end results of the NNLO calculations.
7D. Loop Integrals at NNLO
The expressions for the NNLO masses and decay con-
stants of the charged pseudoscalar mesons in PQχPT de-
pend on several one- and two-loop integrals. After regu-
larization and renormalization has been carried out, the
finite contributions from these integrals are written in
terms of the functions A¯, B¯ and C¯, which are defined as
A¯(χ) = −π16 χ log(χ/µ2),
B¯(χi, χj ; 0) = −π16 χi log(χi/µ
2)− χj log(χj/µ2)
χi − χj ,
C¯(χ, χ, χ; 0) = −π16/(2χ) , (33)
where µ denotes the renormalization scale and π16 =
1/(16π2). These integrals are often referred to as chi-
ral logarithms, although the integral C¯ does not contain
any logarithm when all three arguments are equal. In
the often encountered limit χi = χj , the expression for
B¯ reduces to
B¯(χ, χ; 0) = −π16
(
1 + log(χ/µ2)
)
. (34)
The functions described above are in principle suffi-
cient to express all one-loop integrals encountered in the
NNLO calculations, but the introduction of further com-
binations of integrals is desirable in order to reduce the
size and complexity of the results. For this purpose, the
following three combinations of integrals have been in-
troduced,
A¯(χ; ε) = A¯(χ)2/(2π16 χ)
+ π16 χ (π
2/12 + 1/2),
B¯(χ, χ; 0, ε) = A¯(χ)B¯(χ, χ; 0)/(π16 χ)
− A¯(χ)2/(2π16 χ2)
+ π16 (π
2/12 + 1/2),
B¯(χi, χj ; 0, k) = χiB¯(χi, χj ; 0) + A¯(χj), (35)
of which the first two expressions are naturally generated
by the dimensional regularization procedure, whereas the
third one is useful since it is symmetric under the inter-
change of χi and χj .
The NNLO calculation of pseudoscalar meson masses
and decay constants also introduces a number of genuine,
nonfactorizable two-loop integrals, which can be evalu-
ated using a generalization of the methods described in
Ref. [20]. The two-loop integrals encountered have the
following general structure,
〈〈X〉〉 = 1
i2
∫
ddq
(2π)d
ddr
(2π)d
× (36)
X
(q2 − χ1)a(r2 − χ2)b((q + r − p)2 − χ3)c ,
where a, b, c = 1 or 2, and X represents the different com-
binations of momentum factors q and r that can occur.
The integrals thus generated by Eq. (36) are sometimes
referred to as sunset integrals, and they can be expressed
in terms of the H functions according to the definitions
in Ref. [20]. The H functions satisfy a number of integral
relations such that only H , H1 and H21 are required to
express all sunset integrals encountered. Furthermore,
after regularization of the H functions, only the finite
parts denoted HF , HF1 and H
F
21 appear in the end re-
sults. In the case of the decay constants, sunset integrals
differentiated with respect to p2 are also required, and are
denoted by the primed quantities HF
′
, HF
′
1 and H
F ′
21 .
However, the appearance of double poles in the neutral
meson propagators of Eqs. (26) and (27) leads to a sig-
nificant complication in Eq. (36), as cases with a, b, c 6= 1
will then show up. This added layer of complexity is
accounted for by an extra integer argument n, which in-
dicates the pole configuration of Eq. (36) according to
Table II. The finite parts of the H functions are thus
generalized as
HF (χi, χj , χk; p
2)→ HF (n, χi, χj , χk; p2), (37)
and similarly for the HF1 and H
F
21. In principle, eight
different configurations can show up, and the value of
n for each one of them is given in Table II. However,
this expanded set of H functions obeys a generalization
of the symmetries (under the exchange of mass argu-
ments) discussed in Ref. [20], and thus some of the pole
configurations turn out to be redundant, such that only
n = 1, 2, 3, 5 and 7 are required for a complete NNLO
calculation of the pseudoscalar meson masses and decay
constants. The case with n = 8 would however appear
for a NNLO calculation of the coefficient of the double
pole in the neutral meson propagator. Such a calculation
has not yet been performed, but it should be noted that
a NLO calculation of that quantity has been published
in Ref. [7].
TABLE II: Overview of the notation for the possible con-
figurations of double poles in the H functions generated by
Eq. (36) in PQχPT. Redundant configurations are given in
parentheses.
a b c
n = 1 1 1 1
n = 2 2 1 1
n = 3 1 2 1
(n = 4) 1 1 2
n = 5 2 2 1
(n = 6) 2 1 2
n = 7 1 2 2
n = 8 2 2 2
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functions with n 6= 1 can be obtained by differentiation
with respect to the masses of the expressions for n = 1
given in Ref. [20]. It should also be noted that the finite
contributions from the set of H functions contain inte-
grals which have to be evaluated by numerical integra-
tion, and these are again generalizations of the integrals
for n = 1 in Ref. [20].
E. Notation for NNLO Results
The length of the final NNLO expressions presents a
problem. One major culprit has already been identified
in the discussion of the PQ propagator residues, but even
after that problem is dealt with, the size of the PQ ex-
pressions far exceeds that of the analogous ones in un-
quenched χPT. One reason for this is that the NNLO
results in PQχPT are highly symmetric under the in-
terchange of quark masses, both in the sea and valence
quark sectors, and thus contain a lot of unnecessary repe-
tition. This observation suggests that the NNLO expres-
sions could be efficiently compressed by summation over
sea and valence quark indices.
The summation conventions in the sea-quark sector are
implemented through two new indices s and t, which can
appear as indices of explicit quark masses χ, as well as
among the indices of the residue functions R or the prede-
fined combinations thereof. These sea-quark summation
indices should be interpreted as follows: If an index t is
present once or several times, then there will always be
an occurrence of the s index as well, and the entire term
is then to be summed over all pairs of different sea quark
indices. If the index s is present but t is not, then the
entire term is to be summed over all sea quark indices.
Elementary examples are
χs =
∑
i=4,5,6
χi,
χst =
∑
(ij) = (45),(46),(56)
χij . (38)
Thus all the terms in the end result, where the depen-
dence on the sea-quark masses is expressed in terms of
the indices s and t, explicitly have the (required) sym-
metry under interchange of sea-quark masses. It should
be noted that the summation is over all three sea-quark
flavors irrespective of the value of dsea.
Further symmetries exist which can also be used to
advantage in the compactification of the NNLO results.
Firstly, the valence quark sector has a symmetry under
the interchange of valence quark masses. This symmetry
has been implemented by introduction of the summation
indices p and q. In this paper, they are necessary only
for the expressions with dval = 2, and then always occur
for the valence quark masses χ1 and χ3. If the index q is
present, there will always be an index p and the resulting
sum is over the pairs (p, q) = (1, 3) and (p, q) = (3, 1). If
only p is present, the sum is over the indices 1 and 3. As
an example, consider
A¯(χp)R
p
qη χp = A¯(χ1)R
1
3η χ1 + [1↔ 3], (39)
which demonstrates that any contribution written in
terms of the (p, q) notation is symmetric (as required)
under the interchange of the valence quark masses χ1
and χ3. Secondly, for dsea = 3 the sea-quark sector
exhibits an additional symmetry, under the interchange
of the lowest order neutral meson masses χpi and χη.
This symmetry has been implemented by the indices m
and n. If the index m is present, there will always be
an index n and the corresponding sum is over the pairs
(m,n) = (π, η) and (m,n) = (η, π). For example
A¯(χm)R
m
n11 χm = A¯(χη)R
η
pi11 χη + [η ↔ π]. (40)
Similar to the earlier cases, if only the index n is present,
then the term is to be summed over the χpi and χη masses.
The summation techniques described above already in-
corporate most of the recurring combinations of terms in
the end results, which has the added benefit of avoiding
the introduction of an unreasonable amount of special-
ized notation. However, certain combinations of quark
masses χ and propagator residues R appear through-
out the results and have therefore been given dedicated
names. As an example, combinations of the type
χ¯g =
1
3
∑
i=4,5,6
χgi ,
χ¯abg =
1
3
∑
i=4,5,6
Rabii χ
g
i , (41)
where the index g indicates the power of the sea-quark
masses averaged, appear throughout the expressions.
The corresponding ones for dsea = 2 can be obtained by
setting Rabii → Rabi. Again, it should be kept in mind that
the summation always runs over all three quark flavors,
regardless of the value of dsea. The calculation of the
pseudoscalar meson decay constant of Ref. [10] made use
of many more complicated averages of the above type,
with products of up to three residues. However, most
of the quantities χ¯ which involve the residues R can be
reexpressed in terms of simpler quantities, such that e.g.
χ¯piη0 = −1, χ¯piη1 = −χpi and χ¯ηpi1 = −χη. The use of the
χ¯ notation has therefore been discontinued, and the only
quantities of the type given in Eq. (41) that are used in
this paper are χ¯1 and χ¯2. The other named combina-
tions consist of sums of products of quark masses and
propagator residues. For dsea = 3, these are
Rvijkl = R
i
jkk +R
i
jll − 2Rijkl ,
Ruijkl = R
i
piηkR
j
piηk −RipiηkRjpiηl
− RipiηlRjpiηk +RipiηlRjpiηl,
Rumijkl = R
i
mm′kR
m
m′jk −Rimm′kRmm′jl
− Rimm′lRmm′jk +Rimm′lRmm′jl,
9Rumnijkl = R
m
m′ikR
n
n′jk −Rmm′ikRnn′jl
− Rmm′ilRnn′jk +Rmm′ilRnn′jl,
Rwijkl = R
i
piηkR
j
piηkχk + 2R
i
piηkR
j
piηlχkl
+ 2RipiηlR
j
piηkχkl +R
i
piηlR
j
piηlχl,
Rwmijkl = R
i
mm′kR
m
m′jkχk + 2R
i
mm′kR
m
m′jlχkl
+ 2Rimm′lR
m
m′jkχkl +R
i
mm′lR
m
m′jlχl,
Rwmnijkl = R
m
m′ikR
n
n′jkχk + 2R
m
m′ikR
n
n′jlχkl
+ 2Rmm′ilR
n
n′jkχkl +R
m
m′ilR
n
n′jlχl, (42)
and the analogous ones for dsea = 2 are
Rvijk = R
i
jj +R
i
kk − 2Rijk ,
Ruijkl = R
i
ηkR
j
ηk −RiηkRjηl
− RiηlRjηk +RiηlRjηl,
Rumijkl = R
i
mkR
m
jk −RimkRmjl
− RimlRmjk +RimlRmjl ,
Rwijkl = R
i
ηkR
j
ηkχk + 2R
i
ηkR
j
ηlχkl
+ 2RiηlR
j
ηkχkl +R
i
ηlR
j
ηlχl,
Rwmijkl = R
i
mkR
m
jkχk + 2R
i
mkR
m
jlχkl
+ 2RimlR
m
jkχkl +R
i
mlR
m
jlχl. (43)
For the Ru and Rw type terms, the indices m,n denote
either π or η (independently of each other). If m denotes
a π then the corresponding index m′ denotes an η and
vice versa. Similarly an n denoting a π implies that the
n′ denotes an η. As an example, consider
Rupiηijkl = R
pi
ηikR
η
pijk −RpiηikRηpijl
− RpiηilRηpijk +RpiηilRηpijl, (44)
which should suffice to explain the usage of the indices
m,n and m′, n′. Note that this particular combination is
symmetric under the interchange of π and η only if i = j,
which means that this particular Ru can appear in the
final result only in combinations that are symmetric in
the indices i and j.
For the case of dsea = 2, the indicesm
′, n′ no longer ap-
pear, since χpi = χ4 and has therefore canceled out from
the expressions. In fact, the index m in Eq. (43) always
represents an η. However, Eq. (43) has been written in a
slightly more formal way to illustrate the similarity with
the expressions for dsea = 3. It is actually possible to ob-
tain the expressions for dsea = 2 from the corresponding
ones for dsea = 3 in Eq. (42) by removing all occurrences
of the indices π and m′ there. It should be noted that
the letters u, v, w in Ru, Rv and Rw are not indices, but
rather indicate different types of residue combinations.
The indices m,n used in the above formulas have noth-
ing to do with the summation indicesm,n defined earlier,
which are encountered in the analytical expressions in the
next sections. In Eqs. (42) and (43) they only indicate
an occurrence of either a π or an η.
The implementation of the flavor permutation symme-
tries described in this section is a complicated task, as
the direct output of a NNLO calculation of masses or de-
cay constants using the propagators defined in Eqs. (26)
and (27) produces highly redundant expressions. Espe-
cially for the higher values of dsea and dval, the direct
output sometimes consists of tens of thousands of terms.
Thus the output has to be cleaned up using the many
algebraic relations between the residues R, before any
attempt at implementing the flavor permutation symme-
tries can be made. This process involves the factorization
of up to ∼ 200 different expressions of varying length and
complexity. As an example for dval = 2, the parts of the
direct output proportional to A¯(χη; ε) and A¯(χ1; ε) alone
are hundreds of terms long, while in factorized and sim-
plified form, they contain only ∼ 5 terms. After consid-
erable trial and error in Maple, the simplification of the
results was successfully carried through. In addition, the
final simplified results have been checked algebraically
against the original (long) ones.
III. ANALYTICAL RESULTS FOR THE
MASSES
A. Masses at NNLO
The corrections to the mass of a pseudoscalar meson
are obtained by consideration of the self-energy contri-
butions to the propagator of the interacting field theory.
That propagator is defined in terms of the Fourier trans-
form of the two-point Green’s function,
i∆(p) =
∫
d4x eip·x〈Ω|T [Φ(x)jiΦ(0)ij ]|Ω〉, (45)
where Φij = qiq¯j denotes any of the off-diagonal mesons
in the valence sector of PQχPT, and Ω denotes the vac-
uum of the interacting theory. To lowest order, i∆(p) =
Gcij(p) of Eq. (23). When written in terms of the fields
in the Lagrangian, the resulting self-energy diagrams can
be summed as a geometric series [21], giving
i∆(p) =
i
p2 −M20 − Σ(p2, χi)
, (46)
where M20 denotes the lowest order mass of the meson
which is being considered, and χi in Σ denotes the de-
pendence of the self-energy on all the lowest order me-
son masses. The quantity Σ(p2, χi) takes into account
the contributions from the one-particle-irreducible (1PI)
diagrams. The physical masses, which include the inter-
action, of the off-diagonal mesons in PQχPT are defined
by the position of the pole in Eq. (46),
M2phys =M
2
0 +Σ(M
2
phys, χi), (47)
whereas the propagators of the neutral or diagonal
mesons in PQχPT have double poles even after resum-
mation.
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FIG. 1: Feynman diagrams up to O(p6) or two loops, for the self-energy Σ(M2phys, χi). Filled circles denote vertices of the L2
Lagrangian, whereas open squares and diamonds denote vertices of the L4 and L6 Lagrangians, respectively. In the top row,
the first diagram from the left is of O(p2), whereas the other two diagrams are of O(p4). The diagrams of O(p6), which give
the NNLO correction to the meson mass, are shown in the bottom row. Of those, the third diagram from the left is called the
”sunset” diagram in the text.
The expression for the self-energy Σ can be written
as a string of terms which denote the 1PI diagrams of
progressively higher order,
Σ(M2phys, χi) = Σ4(M
2
phys, χi)
+ Σ6(M
2
phys, χi) + O(p8), (48)
where Σ4 contains the self-energy diagrams of O(p4), and
Σ6 those of O(p6). For the present NNLO calculation,
the form ofM2phys has to be determined up to O(p6). It is
sufficient, for this purpose, to use the lowest order mass
instead of M2phys in Σ6 since the diagrams in that term
are already of O(p6). However, in the case of Σ4 the
argument M2phys has to be expanded in a Taylor series
around M20 , since the diagrams in Σ4 are of O(p4). If
M2phys is formally written as
M2phys = M
2
0 +M
2
4 +M
2
6 + O(p8), (49)
then an expansion of Σ4 up to O(p6) gives
Σ4(M
2
phys, χi) = Σ4(M
2
0 , χi) + M
2
4
∂Σ4(p
2, χi)
∂p2
∣∣∣∣
M2
0
+ O(p8), (50)
where M24 represents the NLO correction to the lowest
order meson mass, which is given by Σ4(M
2
0 , χi). The
final formula for the pseudoscalar meson mass to O(p6)
is thus
M2phys = M
2
0 + Σ4(M
2
0 , χi)
+ Σ4(M
2
0 , χi)
∂Σ4(p
2, χi)
∂p2
∣∣∣∣
M2
0
+ Σ6(M
2
0 , χi) + O(p8), (51)
where the last two terms are of O(p6) and represent the
NNLO correction to the lowest order mass. The Feyn-
man diagrams that contribute to Σ6(M
2
0 , χi) are shown
in Fig. 1. In the case of the self energies at NNLO, the
O(p6) vertex introduces the LEC:sKr17 throughKr27,Kr39
and Kr40.
The physical mass of a pseudoscalar meson Φij is given
to NNLO in the form
M2phys = χij +
δ(4)vs
F 20
+
δ
(6)vs
ct + δ
(6)vs
loops
F 40
+ O(p8), (52)
where the LO resultM20 = χij has already been inserted,
and the O(p4) and O(p6) contributions separated. The
NNLO contribution δ(6) has been further split into the
contributions from the chiral loops and from the O(p6)
counterterms or LEC:s. The superscripts (v) and (s) in-
dicate the values of dval and dsea, respectively. It should
be noted that we have chosen to give the results to the
various orders in terms of the lowest order decay constant
F0 and in terms of the lowest order masses, since these
are the fundamental inputs in PQχPT. The situation is
different in standard χPT, where the main objective is
comparison with experiment, in which case the formulas
are most often rewritten in terms of the physical decay
constants and masses.
B. Expressions for dval = 1
In the previously published paper on the NNLO me-
son masses in PQχPT [9], which treated only the most
degenerate (1+1) mass case, an overall factor χ1 was fac-
tored out from the analytical expressions. However, it
has turned out that it is not possible to find such an
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overall factor in a meaningful way for the less degenerate
mass cases. This is especially evident for dval = 2. Thus,
for consistency, the factor χ1 has not been factored out
from the expression for the (1+1) mass case reproduced
here either. That expression also uses the new R nota-
tion as well as a more efficient set of loop integrals, but
it is of course equivalent to the one presented previously
in Ref. [9].
The NLO result for dval = 1 is rather short, and there-
fore it suffices to give this expression for dsea = 3 only.
The corresponding results for dsea = 1, 2 can easily be de-
rived from that expression by consideration of the appro-
priate limits, i.e. χ5 → χ4 for dsea = 2 and χ5, χ6 → χ4
for dsea = 1. The combined NLO result (loops and coun-
terterms), is
δ(4)13 = − 24Lr4 χ¯1 χ1 − 8Lr5 χ21 + 48Lr6 χ¯1 χ1
+ 16Lr8 χ
2
1 − 1/3 A¯(χm)Rmn11 χ1
− 1/3 A¯(χ1)Rc1 χ1
− 1/3 B¯(χ1, χ1, 0)Rd1 χ1, (53)
which is in agreement with Refs. [3, 7]. The NNLO re-
sult has been split into the contribution from the loop
diagrams and the contribution from the O(p6) countert-
erms. The latter consists of the finite part of the right-
most diagram in Fig. 1, and is given for dsea = 3 by
δ
(6)13
ct = − 32Kr17 χ31 − 96Kr18 χ¯1 χ21 − 16Kr19 χ31
− 48Kr20 χ¯1 χ21 − 48Kr21 χ¯2 χ1
− 144Kr22 χ¯21 χ1 − 16Kr23 χ31 + 48Kr25 χ31
+ Kr26
[
96 χ¯1 χ
2
1 + 48 χ¯2 χ1
]
+ 432Kr27 χ¯
2
1 χ1
+ 32Kr39 χ
3
1 + 96K
r
40 χ¯1 χ
2
1. (54)
As for the NLO result above, the contributions from
the O(p6) counterterms for dsea = 1, 2 can be derived
straightforwardly by taking the appropriate mass limits
of this expression.
However, the situation is different for the loop con-
tribution at NNLO, since it is much larger and has a
rather complicated structure. This makes it a difficult
task to derive the results for dsea = 1, 2 directly from the
dsea = 3 case, and therefore the different cases are given
separately below. The need for such expressions is clear
since many Lattice QCD simulations work with dsea = 2
rather than dsea = 3. As expected, all infinities have
canceled for all expressions in the renormalization pro-
cedure, and the result for δ
(6)11
loops is equivalent to the one
published in Ref. [9]. The FORM [22] output with these ex-
pressions can be downloaded from the website [14]. The
chiral loop contributions to the pseudoscalar meson mass
at NNLO in PQχPT, for dval = 1, are
δ
(6)11
loops = π16 L
r
0
[
3χ1χ
2
4 + 26/3χ
2
1χ4 − χ31
]
+ 4 π16L
r
1 χ
3
1 + π16 L
r
2
[
16χ1χ
2
4 + 2χ
3
1
]
+ π16 L
r
3
[
3/2χ1χ
2
4
+ 17/3 χ21χ4 − 5/2χ31
]
+ π216
[
73/64χ1χ
2
4 + 15/32χ
2
1χ4 − 3/32χ31
]
+ 384Lr4L
r
5 χ
2
1χ4 − 1152Lr4Lr6 χ1χ24
− 384Lr4Lr8 χ21χ4 + 576Lr24 χ1χ24 − 384Lr5Lr6 χ21χ4 − 128Lr5Lr8 χ31 + 64Lr25 χ31 − 8 A¯(χ1)Lr0
[
χ21
+ Rd1 χ1] + 8 A¯(χ1)L
r
1 χ
2
1 + 20 A¯(χ1)L
r
2 χ
2
1 − 8 A¯(χ1)Lr3
[
χ21 + R
d
1 χ1
]
+ 16 A¯(χ1)L
r
4 χ1χ4
+ A¯(χ1)L
r
5
[
32/3χ21 + 16/3R
d
1 χ1
] − A¯(χ1)Lr6 [16χ1χ4 − 32χ21] + 32 A¯(χ1)Lr7Rd1 χ1
− 64/3 A¯(χ1)Lr8 χ21 + 5/9 A¯(χ1)2 χ1 + A¯(χ1)B¯(χ1, χ1, 0)
[
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d
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]
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d
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11/12χ21 − 1/4Rd1 χ1
]
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+ 24 A¯(χ14)L
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0 χ1χ14 + 60 A¯(χ14)L
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3 χ1χ14 − 48 A¯(χ14)Lr5 χ1χ14 + 96 A¯(χ14)Lr8 χ1χ14 − 9/4 A¯(χ14)2 χ1
− 2 A¯(χ14)B¯(χ1, χ1, 0)χ1χ4 − A¯(χ14, ε)π16
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]
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+ 32 A¯(χ4)L
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2 χ1χ4 − 128 A¯(χ4)Lr4 χ1χ4 + 128 A¯(χ4)Lr6 χ1χ4 + 8/9 A¯(χ4)B¯(χ1, χ1, 0)χ1χ4
− 2 A¯(χ4, ε)π16 χ1χ4 − 8 B¯(χ1, χ1, 0)Lr0Rd1 χ21 − 8 B¯(χ1, χ1, 0)Lr3Rd1 χ21 + B¯(χ1, χ1, 0)Lr4
[
8χ21χ4
+ 24 Rd1 χ1χ4
]
+ B¯(χ1, χ1, 0)L
r
5
[
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d
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δ
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1 χ1 − 64/3 A¯(χ1)Lr8Rc1χ21 + A¯(χ1)2
[
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c
1R
d
1 χ
2
1
− A¯(χ1, ε)π16
[
31/18χ21 − 29/36Rc1χ21 − 1/4Rd1 χ1
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r
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r
2 χ1χ4 − 48 A¯(χ4)Lr4 χ1χ4 + 48 A¯(χ4)Lr6 χ1χ4
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− 64 A¯(χ46)Lr4 χ1χ46 + 64 A¯(χ46)Lr6 χ1χ46 + 4/9 A¯(χ46)B¯(χη, χη, 0)Rη11 χ1χ46
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− 2/3 A¯(χ1s)B¯(χ1, χ1, 0)R1sη χ1χs − A¯(χ1s, ε)π16
[
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ηχ1 − 16 B¯(χη, χη, 0)Lr6 χ¯1Rη11 χηχ1
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1 χ
2
1 − 8 B¯(χ1, χ1, 0)Lr0Rd1 χ21 − 8 B¯(χ1, χ1, 0)Lr3Rd1 χ21
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4
[
8 χ¯1R
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1 χ
2
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1 χ1
]
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5
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3
1 + 16R
d
1 χ
2
1
]
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[
16 χ¯1R
c
1 χ
2
1 + 32 χ¯1R
d
1 χ1
]
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2χ1
]
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1 − 32 C¯(χ1, χ1, χ1, 0)Lr6 χ¯1Rd1 χ21
− 32/3 C¯(χ1, χ1, χ1, 0)Lr8Rd1 χ31 + 2/9HF (1, χη, χη, χ1, χ1) (Rη11)2χ21 + 4/9HF (1, χη, χ1, χ1, χ1)Rη11Rc1 χ21
− HF (1, χη, χ1s, χ1s, χ1)
[
1/3Rη11 χ
2
1 + 1/12R
v
η1s χηχ1
]
+ HF (1, χ1, χ1, χ1, χ1)
[
1/3χ21 + 2/9 (R
c
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2χ21
]
− HF (1, χ1, χ1s, χ1s, χ1)
[
1/2R1sη χ
2
1 − 1/4Rc1 χ21 + 1/12Rd1 χ1
]
+ 3/4HF (1, χ14, χ14, χ4, χ1)χ1χ4
+ HF (1, χ14, χ16, χ46, χ1)χ1χ46 + 4/9H
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F (5, χ1, χ1, χ1, χ1) (R
d
1)
2 χ21
− 2/3HF1 (1, χη, χ1s, χ1s, χ1)Rη1sRz1sη χ21 − 4/3HF1 (1, χ1s, χ1s, χ1, χ1)Rη1sRz1sη χ21
− 4/3HF1 (3, χ1s, χ1, χ1s, χ1)Rd1 χ21 − 1/4HF21(1, χη, χ1s, χ1s, χ1)Rvη1s χ21
+ HF21(1, χ1, χ1s, χ1s, χ1)
[
1/2R1sη χ
2
1 − 1/4Rc1 χ21
]
+ 9/4HF21(1, χ4, χ14, χ14, χ1)χ
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+ 3HF21(1, χ46, χ14, χ16, χ1)χ
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1 − 1/4HF21(2, χ1, χ1s, χ1s, χ1)Rd1 χ21, (56)
δ
(6)13
loops = π16 L
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[−8/9χpiχηχ1 − χ31 + 26/3 χ¯1 χ21 + 35/9 χ¯2 χ1] + 4 π16 Lr1 χ31 + π16 Lr2 [22/3χpiχηχ1 + 2χ31
+ 26/3 χ¯2 χ1] + π16 L
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[−8/9χpiχηχ1 − 5/2χ31 + 17/3 χ¯1 χ21 + 43/18 χ¯2 χ1] + π216 [15/32χpiχηχ1
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]
+ 32 A¯(χ1)L
r
7R
d
1 χ1
− 64/3 A¯(χ1)Lr8Rc1 χ21 + A¯(χ1)2
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− 1/2 A¯(χ1s)A¯(χ1t)χ1 − A¯(χ1s)B¯(χm, χ1, 0)
[
4/9Rmn1s χ1χ1s + 2/9R
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C. Results for dval = 2
In general, the results for dval = 2 are similar in form
to those for dval = 1. However, they are about twice as
long, since the number of independent combinations of
quark masses that can appear in the propagator residues
and loop integrals is much larger. As already noted for
dval = 1, the expressions for dval = 2 also become longer
with increasing values of dsea. The NLO expression for
dval = 2 and dsea = 3, which agrees with the result of
Refs. [3, 7], is
δ(4)23 = − 24Lr4 χ¯1 χ13 − 8Lr5 χ213 + 48Lr6 χ¯1 χ13
+ 16Lr8 χ
2
13 − 1/3 A¯(χp)Rpqpiη χ13
− 1/3 A¯(χm)Rmn13 χ13, (58)
while the contribution from the O(p6) counterterms for
dval = 2 and dsea = 3 is given by
δ
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− 48Kr20 χ¯1 χ213 − 48Kr21 χ¯2 χ13
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2
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r
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[
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2
13
+ 48 χ¯2 χ13] + 432K
r
27 χ¯
2
1χ13 + 32K
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39 χ
3
13
+ 96Kr40 χ¯1 χ
2
13. (59)
Similarly to the case of dval = 1, the expressions for other
values of dsea can be straightforwardly obtained by taking
the appropriate quark mass limits in the above expres-
sions. Finally, the chiral loop contributions for dval = 2
at NNLO are, for dsea = 1, dsea = 2, and dsea = 3, re-
spectively,
δ
(6)21
loops = π16 L
r
0
[
χ1χ13χ3 + 3χ13χ
2
4 + 26/3χ
2
13χ4 − 2χ313
]
+ 4 π16 L
r
1 χ
3
13 + π16 L
r
2
[
16χ13χ
2
4 + 2χ
3
13
]
+ π16 L
r
3
[
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]
− 16 A¯(χp)Lr6Rpq χ13χ4 + A¯(χp)Lr7
[
16/3Rdp χp4 + 32/3R
d
p χ13
] − A¯(χp)Lr8 [16/3χpχ13 + 32/9Rpq χ1χ3
+ 64/9 Rpq χ
2
13 + 8/9 (R
d
p)
2
]
+ A¯(χp)
2
[
5/36χ13 + 1/18 (R
p
q)
2χ13 − 1/54Rqp χp
]
+ A¯(χp)A¯(χp4) [1/24χp
− 1/8 χq + 1/24Rpq χp + 19/72Rpq χq
]
+ A¯(χp)A¯(χq4)
[
1/4χ13 + 1/6R
p
q χq − 1/24Rqp χp + 1/72Rqp χq
]
+ A¯(χp)A¯(χ13) [1/18χp − 1/36χ13] − 4/27 A¯(χp)A¯(χ4)χ4 + A¯(χp)B¯(χp, χp, 0)
[
11/54Rpq χpχ13
− 1/27 Rpq χ2p − 1/18Rpq χ213 + 1/54RpqRdp χp
] − A¯(χp)B¯(χq, χq, 0) [1/54RpqRdq χq + 1/36Rdq χ13]
+ 2/27 A¯(χp)B¯(χ1, χ3, 0)R
q
p χpχ13 + 1/27 A¯(χp)B¯(χ1, χ3, 0, k)R
q
p χp + A¯(χp, ε)π16 [13/72χpχ13
+ 5/72 χqχ13 + 5/36χ13χ4 + 5/18R
p
q χpχ13 − 1/4Rpq χ13χ4
] − A¯(χp4)π16 [3/4χpχ13 − 3/2χ13χ4
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η46q χp
+ 16/9 RdpR
z
η46q χq
]
+ 8 B¯(χη, χη, 0)L
r
4 χ¯1R
η
13 χηχ13 + 8/3 B¯(χη, χη, 0)L
r
5R
η
13 χ
2
ηχ13
− 16 B¯(χη, χη, 0)Lr6 χ¯1Rη13 χηχ13 − 8 B¯(χη, χη, 0)Lr7Rη13(Rzη4)2χ13 − B¯(χη, χη, 0)Lr8
[
16/9Rη13 χ13χ
2
4
+ 32/9 Rη13 χ13χ
2
6
] − 1/36 B¯(χ1, χ1, 0)B¯(χ3, χ3, 0)Rd1Rd3 χ13 + 32/3 B¯(χ1, χ3, 0)Lr7Rd1Rd3 χ13
+ 32/9 B¯(χ1, χ3, 0)L
r
8R
d
1R
d
3 χ13 + 16/3 B¯(χ1, χ3, 0, k)L
r
7R
d
1R
d
3 + 16/9 B¯(χ1, χ3, 0, k)L
r
8R
d
1R
d
3
− HF (1, χp, χp, χ13, χ13)
[
1/4χpχ13 + 3/8χ
2
13 + 1/18 (R
p
qη)
2χ213 − 1/6RpqηRcp χ213 + 1/24 (Rcp)2χ213
]
+ HF (1, χp, χ1s, χ3s, χ13)
[−5/12Rpqη χqχ13 + 1/6Rpqη χpsχ13 + 1/8Rpsη χqχ13 + 7/24Rpsη χ13χs
− 1/12 Rcp χpsχ13
]
+ 1/2HF (1, χp4, χq6, χ46, χ13)χ13χ46 + H
F (1, χη, χp, χ13, χ13)
[
2/9RpqηR
η
13 χ
2
13
− 1/18 RpqηRvη13 χ213 + 1/9RηppRcp χ213 + 1/36RcpRvη13 χ213
]
+ HF (1, χη, χη, χ13, χ13)
[
2/9 (Rη13)
2χ213
+ 2/9 Rη13R
v
η13 χ
2
13 + 5/72 (R
v
η13)
2χ213
] − HF (1, χη, χ1s, χ3s, χ13) [1/8Rηps χpχ13 + 5/24Rηps χqχ13
− 1/3 Rη13 χ213 + 1/24Rvηps χηχ13 + 1/24Rvη13 χ13χs
] − HF (1, χ1, χ13, χ3, χ13) [1/18RpqηRcq χ213
− 1/3 R13ηR31η χ213 − 1/36Rc1Rc3 χ213
]
+ 1/4HF (1, χ13, χ13, χ13, χ13)χ
2
13
+ 3/4HF (1, χ14, χ34, χ4, χ13)χ13χ4 − HF (2, χp, χp, χ13, χ13)
[
1/18RpqηR
d
p χ
2
13 − 5/36RcpRdp χ213
]
+ HF (2, χp, χη, χ13, χ13)
[
1/9RηppR
d
p χ
2
13 + 1/36R
d
pR
v
η13 χ
2
13
] − HF (2, χp, χ13, χq, χ13) [1/18RqpηRdp χ213
− 1/36 RcqRdp χ213
] − 1/12HF (2, χp, χ1s, χ3s, χ13)Rdp χpsχ13 + 5/72HF (5, χp, χp, χ13, χ13) (Rdp)2χ213
+ 1/36HF (5, χ1, χ3, χ13, χ13)R
d
1R
d
3 χ
2
13 + H
F
1 (1, χp, χp, χ13, χ13)
[
2χ213 + 4/9 (R
p
qη)
2χ213
− 4/9 RpqηRcp χ213 + 2/9 (Rcp)2χ213
]
+ 2/3HF1 (1, χp, χ1s, χ3s, χ13)R
p
qηR
z
sqp χ
2
13
− 2/3HF1 (1, χps, χqs, χp, χ13)Rpsη χ213 − 2/3HF1 (1, χps, χqs, χη, χ13)Rη13Rzspη χ213
+ 2/9HF1 (1, χ13, χp, χη, χ13)
[
RpqηR
v
η13 χ
2
13 − RηppRzqpηRcp χ213
] − HF1 (1, χ13, χη, χη, χ13) [2/9Rη13Rvη13 χ213
+ 1/9 (Rvη13)
2χ213
]
+ HF1 (1, χ13, χ1, χ3, χ13)
[
2/9RpqηR
c
q χ
2
13 − 4/9R13ηR31η χ213
]
+ 2/9HF1 (3, χ13, χp, χp, χ13)
[
RpqηR
d
p χ
2
13 −RcpRdp χ213
]
+ 2/9HF1 (3, χ13, χp, χq, χ13)R
q
pηR
d
p χ
2
13
+ 2/9HF1 (3, χ13, χp, χη, χ13)R
η
13R
z
pqηR
d
p χ
2
13 − 1/9HF1 (7, χ13, χp, χp, χ13) (Rdp)2χ213
− 3/4HF21(1, χp, χp, χ13, χ13)χ213 − 1/4HF21(1, χp, χ1s, χ3s, χ13)RpqηRzsqp χ213
+ 1/4HF21(1, χps, χqs, χp, χ13)
[
Rpqη χ
2
13 +R
p
sη χ
2
13 −Rcp χ213
]
+ 1/4HF21(1, χps, χqs, χq, χ13)R
q
pηR
z
spq χ
2
13
+ 1/4HF21(1, χps, χqs, χη, χ13)R
η
13R
z
pqηR
z
spη χ
2
13 − 1/4HF21(1, χη, χ1s, χ3s, χ13)Rη13Rzs1ηRzs3η χ213
+ HF21(1, χ13, χp, χp, χ13)
[
3/8χ213 + 1/6 (R
p
qη)
2χ213 − 1/6RpqηRcp χ213 + 1/24 (Rcp)2χ213
]
− HF21(1, χ13, χp, χη, χ13)
[
1/6RpqηR
v
η13 χ
2
13 − 1/12RcpRvη13 χ213
]
+ 1/24HF21(1, χ13, χη, χη, χ13) (R
v
η13)
2χ213
− HF21(1, χ13, χ1, χ3, χ13)
[
1/6RpqηR
c
q χ
2
13 − 1/3R13ηR31η χ213 − 1/12Rc1Rc3 χ213
]
+ 3/4HF21(1, χ13, χ13, χ13, χ13)χ
2
13 + 9/4H
F
21(1, χ4, χ14, χ34, χ13)χ
2
13 + 3/2H
F
21(1, χ46, χp4, χq6, χ13)χ
2
13
− 1/4HF21(3, χps, χp, χqs, χ13)Rdp χ213 − HF21(3, χ13, χp, χp, χ13)
[
1/6RpqηR
d
p χ
2
13 − 1/12RcpRdp χ213
]
− HF21(3, χ13, χp, χq, χ13)
[
1/6RqpηR
d
p χ
2
13 − 1/12RcqRdp χ213
]
+ 1/12HF21(3, χ13, χp, χη, χ13)R
d
pR
v
η13 χ
2
13
+ 1/24HF21(7, χ13, χp, χp, χ13) (R
d
p)
2χ213 + 1/12H
F
21(7, χ13, χ1, χ3, χ13)R
d
1R
d
3 χ
2
13, (61)
δ
(6)23
loops = π16 L
r
0
[−8/9χpiχηχ13 + χ1χ13χ3 − 2χ313 + 26/3 χ¯1χ213 + 35/9 χ¯2χ13] + 4 π16 Lr1 χ313
+ π16 L
r
2
[
22/3χpiχηχ13 + 2χ
3
13 + 26/3 χ¯2χ13
]
+ π16 L
r
3
[−8/9χpiχηχ13 + 7/6χ1χ13χ3 − 11/3χ313
+ 17/3 χ¯1χ
2
13 + 43/18 χ¯2χ13
]
+ π216
[
15/32χpiχηχ13 + 59/192χ1χ13χ3 − 77/192χ313 + 15/32 χ¯1χ213
+ 43/64 χ¯2χ13] + 384L
r
4L
r
5 χ¯1χ
2
13 − 1152Lr4Lr6 χ¯21χ13 − 384Lr4Lr8 χ¯1χ213 + 576Lr24 χ¯21χ13
− 384Lr5Lr6 χ¯1χ213 − 128Lr5Lr8 χ313 + 64Lr25 χ313 + A¯(χp)π16
[
1/4 χ¯1R
p
qpiη χ13 − 1/8 χ¯1Rcp χ13
18
+ 1/12 Rpqpiη χ
2
13 − 1/24Rcp χqχ13
] − A¯(χp)Lr0 [16/3Rpqpiη χpχ13 + 4/3Rcp χpχ13 + 4/3Rdp χ13]
− A¯(χp)Lr3
[
4/3Rpqpiη χpχ13 + 10/3R
c
p χpχ13 + 10/3R
d
p χ13
]
+ 16 A¯(χp)L
r
4 χ¯1R
p
qpiη χ13
+ A¯(χp)L
r
5
[
16/3Rpqpiη χpχ13 + 8/3R
c
p χpχ13
] − 16 A¯(χp)Lr6 χ¯1Rpqpiη χ13 + A¯(χp)Lr7 [32/3Rdp χp
+ 16/3 Rdp χq − 8/3 (Rdp)2
] − A¯(χp)Lr8 [32/9Rpqpiη χ1χ3 + 64/9Rpqpiη χ213 + 16/3Rcp χpχ13 + 8/9 (Rdp)2]
+ A¯(χp)
2
[
1/8χ13 + 1/18 (R
p
qpiη)
2χ13 + 1/54R
p
qpiηR
c
p χp − 1/54 (Rcp)2χp + 1/72 (Rcp)2χ13
]
+ A¯(χp)A¯(χps)
[
1/72Rpqpiη χp + 19/216R
p
qpiη χq − 5/216Rpspiη χp − 1/24Rpspiη χq + 1/27Rcpχp
]
+ A¯(χp)A¯(χqs)
[
1/18Rpqpiη χq − 1/72RpspiηRzqsp χp + 1/216RpspiηRzqsp χq + 1/12Rcp χ13
]
+ A¯(χp)A¯(χm)
[−1/27RpqmnRmnqq χp + 1/9RpqmnRmn13 χp + 1/27RpqmnRmn13 χq + 1/27RpqmnRvmn13 χp
− 1/54 RpqmnRvmn13 χm + 1/162 (Rpsmn)2Rmnss χs − 1/54RmnqqRcp χp + 1/216RcpRvmn13 χp
+ 1/72 RcpR
v
mn13 χq − 1/36RcpRvmn13 χm
]
+ A¯(χp)A¯(χ13) [1/18χp − 1/36χ13]
+ A¯(χp)A¯(χst)
[
1/162Ruppst χp − 1/81Rupqst χp + 1/81Rumppst χp − 1/81Rumpqst χp − 1/162Rwppst
]
+ A¯(χp)B¯(χp, χp, 0)
[
11/54RpqpiηR
c
p χpχ13 − 1/27RpqpiηRcp χ2p − 1/18RpqpiηRcp χ213 + 1/54RpqpiηRdp χp
]
+ A¯(χp)B¯(χp, χm, 0)
[
2/27Rmn13R
c
p χ
2
p + 1/27R
m
n13R
c
p χ1χ3
] − A¯(χp)B¯(χq, χq, 0) [1/54RpqpiηRdq χq
+ 1/36 RcpR
d
q χ13
]
+ 2/27 A¯(χp)B¯(χ1, χ3, 0)R
q
ppiηR
c
p χpχ13 + 1/27 A¯(χp)B¯(χ1, χ3, 0, k)R
q
ppiηR
c
p χp
+ A¯(χp, ε)π16
[−1/4 χ¯1Rpqpiη χ13 + 1/8 χ¯1Rcp χ13 + 5/18Rpqpiη χpχ13 + 7/36Rcp χpχ13 + 5/72Rcp χqχ13
− 1/72 Rdp χ13
]
+ A¯(χps)π16
[−1/4χpχ13 + 1/8χ13χs + 1/4χ213 + 3/8 χ¯1 χ13] + 4 A¯(χps)Lr0 χpsχ13
+ 10 A¯(χps)L
r
3 χpsχ13 − 8 A¯(χps)Lr5 χpsχ13 + 16 A¯(χps)Lr8 χpsχ13 − 1/4 A¯(χps)A¯(χqt)χ13
+ A¯(χps)A¯(χm)
[
1/27Rmnpp χp − 5/216Rmnps χp − 1/24Rmnps χq + 1/12Rmnqq χ13 − 5/72Rmnqs χp
− 19/216 RmnqsRzpsm χq + 1/72Rmn13 χp
]
+ A¯(χps)B¯(χp, χm, 0)
[−2/9Rmnqs χpχ13 − 2/27Rmnqs χpχs
− 1/27 Rmnqs χqχs − 1/27Rmn13 χ2p + 1/27Rmn13 χ1χ3
]
+ 1/12 A¯(χps)B¯(χq, χq, 0)R
d
q χ13
− A¯(χps)B¯(χ1, χ3, 0)
[
1/27Rqppiη χ
2
p + 4/27R
q
spiη χpsχ13 + 1/27R
q
spiη χ1χ3
]
+ A¯(χps)B¯(χ1, χ3, 0, k)
[
1/27Rqppiη χq − 2/27Rqspiη χps − 2/27Rqspiη χ13
] − A¯(χps, ε)π16 [3/8χ13χs
+ 5/12 χ213 + 3/8 χ¯1 χ13
]
+ A¯(χm)π16
[−1/8 χ¯1Rvmn13 χ13 + 1/24Rvmn13 χmχ13 − 1/12Rvmn13 χ213]
− A¯(χm)Lr0 [8Rmn13 χmχ13 + 4/3Rvmn13 χmχ13] + 16 A¯(χm)Lr1 χmχ13 + 4 A¯(χm)Lr2 χmχ13
− A¯(χm)Lr3 [8Rmn13 χmχ13 + 10/3Rvmn13 χmχ13] − 16 A¯(χm)Lr4 [χmχ13 − χ¯1Rmn13 χ13]
+ A¯(χm)L
r
5
[
16/3Rmn13 χmχ13 + 16/3R
m
n13 χ
2
13 + 8/3R
v
mn13 χmχ13
]
+ 16 A¯(χm)L
r
6 [χmχ13
− χ¯1Rmn13 χ13] + A¯(χm)Lr7
[
32Rmn13 χmχ13 − 32/3Rmn13 χ1χ3 − 64/3Rmn13 χ213 − 16/3RdpRzm456np
+ 16/3 RdqR
z
m456np − 8/3 (Rzm456np)2 + 16/3Rzm456n1Rzm456n3
]
+ A¯(χm)L
r
8 [−128/9Rmn13χ1χ3
− 64/9 Rmn13 χ213 − 16/9RdpRzm456np + 16/9RdqRzm456np − 8/9 (Rzm456np)2 + 16/9Rzm456n1Rzm456n3
− 8/3 Rvmn13 χ2m − 8/3Rvmn13 χ1χ3
]
+ A¯(χm)
2
[
1/81RpsmnR
m
npsR
m
nss χs − 1/81RqsmnRmnpsRmnss χs
+ 1/18 (Rmn13)
2χ13 − 1/54Rmn13Rvmn13 χm + 1/54Rmn13Rvmn13 χ13 + 1/162 (Rmnss)2Rvmn13 χs
− 1/54 (Rvmn13)2χm + 1/72 (Rvmn13)2χ13
] − A¯(χm)A¯(χst) [1/27Rmn13Rvmnst χ13 + 1/81Rumpqst χq
+ 1/162 Rvmn13R
v
mnst χm + 1/81R
wm
ppst − 1/81Rwmpqst + 1/162Rwmmppst − 1/81Rwmm13st
]
+ A¯(χm)B¯(χp, χp, 0)
[
1/9RpqmnR
m
npp χ
2
p − 1/54RmnppRdp χp − 1/27Rmn13Rdp χp − 1/72RdpRvmn13 χp
+ 1/72 RdpR
v
mn13 χq − 1/36RdpRvmn13 χm
]
+ A¯(χm)B¯(χp, χm, 0)
[−2/81RpsmnRmnqsRmnss χpχs
− 1/81 RpsmnRmnqsRmnss χqχs + 2/27RmnppRmn13 χ2p + 1/27RmnppRmn13 χ1χ3
]
+ A¯(χm)B¯(χp, χn, 0)
[−2/81RpsmnRmnssRnmqs χpχs − 1/81RpsmnRmnssRnmqs χqχs
+ 2/27 RmnppR
n
m13 χ
2
p + 1/27R
m
nppR
n
m13 χ1χ3
] − 1/27 A¯(χm)B¯(χm, χm, 0)Rmn1sRmn3sRmnss χ13χs
− A¯(χm)B¯(χm, χn, 0)
[
1/81RmnpsR
m
nssR
n
mps χpχs + 2/81R
m
npsR
m
nssR
n
mqs χ13χs
]
+ 1/81 A¯(χm)B¯(χm, χn, 0, k)
[
RmnpsR
m
nssR
n
mps χs −RmnpsRmnssRnmqs χs
]
− 1/27 A¯(χm)B¯(χn, χn, 0)RmnssRnm1sRnm3s χ13χs + A¯(χm)B¯(χ1, χ3, 0)
[
2/27RqpmnR
m
npp χpχ13
19
− 2/81 RmnssR1smnR3smn χ13χs
]
+ A¯(χm)B¯(χ1, χ3, 0, k)
[
1/27RqpmnR
m
npp χp − 1/81RmnssR1smnR3smn χs
]
+ A¯(χm, ε)π16
[−1/4χmχ13 + 1/8 χ¯1Rvmn13 χ13 + 1/4Rmn13 χmχ13 + 5/9Rmn13 χ213 + 1/8Rvmn13 χmχ13
+ 5/36 Rvmn13 χ
2
13
]
+ A¯(χpi)A¯(χη)
[
1/270 χ¯1R
v
piη13R
v
ηpi13 + 1/45R
m
n13R
v
nm13 χn + 1/270R
m
n13R
v
nm13 χ13
− 1/81 RmnssRpiηpsRηpips χs + 1/81RmnssRpiηpsRηpiqs χs − 29/1080RpiηppRηpipp χp + 1/72RpiηppRηpipp χq
− 17/540 RpiηppRηpiqq χ13 + 1/5Rpiη13Rηpi13 χ13 − 1/162RpiηssRηpissRvmn13 χs
] − A¯(χ1)A¯(χ3) [1/54RpqpiηRcq χq
− 1/9 R13piηR31piη χ13 + 1/36Rc1Rc3 χ13
]
+ 8 A¯(χ13)L
r
1 χ
2
13 + 20 A¯(χ13)L
r
2 χ
2
13 + 32 A¯(χ13)L
r
6 χ
2
13
− 1/4 A¯(χ13)2 χ13 + A¯(χ13)B¯(χ1, χ3, 0)
[
1/9χ1χ3 + 4/9χ
2
13
]
+ 4/9 A¯(χ13)B¯(χ1, χ3, 0, k)χ13
− 31/18 A¯(χ13, ε)π16 χ213 − 1/4 A¯(χ1s)A¯(χ3s)χ13 + 32 A¯(χst)Lr1 χ13χst + 8 A¯(χst)Lr2 χ13χst
− 32 A¯(χst)Lr4 χ13χst + 32 A¯(χst)Lr6 χ13χst + A¯(χst)B¯(χp, χm, 0)
[
1/81Rumppst χpχm − 1/81Rumpqst χpχm
− 1/81 Rumpqst χ1χ3 + 2/81Rwmpqst χp + 1/81Rwmpqst χq
] − 1/81 A¯(χst)B¯(χp, χm, 0, k) [Rumppst χp
+ Rumpqst χp] + 2/9 A¯(χst)B¯(χm, χm, 0)R
m
n13R
m
nst χ13χst + A¯(χst)B¯(χpi, χη, 0)
[
1/81Rupiηppst χpiχη
− 1/81 Rupiηpqst χpiχη + 1/81Rwpiηppst χp + 2/81Rwpiηpqst χ13
]
+ A¯(χst)B¯(χpi , χη, 0, k)
[−1/81Rupiηppst χp
− 2/81 Rupiηpqst χ13 − 1/81Rwpiηppst + 1/81Rwpiηpqst
] − A¯(χst)B¯(χ1, χ3, 0) [1/81Ru13st χ1χ3 − 2/81Rw13st χ13]
− A¯(χst)B¯(χ1, χ3, 0, k) [2/81Ru13st χ13 − 1/81Rw13st] − 1/2 A¯(χst, ε)π16 χ13χst
− B¯(χp, χp, 0)π16
[
1/8 χ¯1R
d
p χ13 + 1/24R
d
p χqχ13
] − 4/3 B¯(χp, χp, 0)Lr0Rdp χpχ13
− 10/3 B¯(χp, χp, 0)Lr3Rdp χpχ13 + 8 B¯(χp, χp, 0)Lr4 χ¯1Rpqpiη χpχ13 − B¯(χp, χp, 0)Lr5
[
16/3Rpqpiη χpχ
2
13
− 8 Rpqpiη χ2pχ13
] − 16 B¯(χp, χp, 0)Lr6 χ¯1Rpqpiη χpχ13 + B¯(χp, χp, 0)Lr8 [32/3Rpqpiη χpχ213 − 16Rpqpiη χ2pχ13]
+ B¯(χp, χp, 0)
2
[
1/8RpqpiηR
d
p χpχ13 − 1/72RpqpiηRdp χqχ13
]
+ B¯(χp, χp, 0)B¯(χp, χm, 0)
[
2/27Rmn13R
d
p χ
2
p
+ 1/27 Rmn13R
d
p χ1χ3
]
+ 2/27 B¯(χp, χp, 0)B¯(χ1, χ3, 0)R
q
ppiηR
d
p χpχ13
+ 1/27 B¯(χp, χp, 0)B¯(χ1, χ3, 0, k)R
q
ppiηR
d
p χp + B¯(χp, χp, 0, ε)π16
[
1/8 χ¯1R
d
p χ13 + 1/8R
d
p χpχ13
+ 5/36 Rdp χ
2
13
]
+ B¯(χp, χm, 0)L
r
7
[
32/3RdpR
z
m456nq χp + 16/3R
d
pR
z
m456nq χq
]
+ B¯(χp, χm, 0)L
r
8
[
32/9RdpR
z
m456nq χp + 16/9R
d
pR
z
m456nq χq
]
+ 8 B¯(χm, χm, 0)L
r
4 χ¯1R
m
n13 χmχ13
+ 8/3 B¯(χm, χm, 0)L
r
5R
m
n13 χ
2
mχ13 − 16 B¯(χm, χm, 0)Lr6 χ¯1Rmn13 χmχ13
+ 16 B¯(χm, χm, 0)L
r
7R
z
m456n1R
z
m456n3 χ13 − B¯(χm, χm, 0)Lr8
[
16/3Rmn13 χ
2
mχ13
− 16/3 Rzm456n1Rzm456n3 χ13] + B¯(χpi, χη, 0)Lr7
[
16/3Rzpi456ηpR
z
η456pip χp + 32/3R
z
pi456ηpR
z
η456piq χ13
]
+ B¯(χpi, χη, 0)L
r
8
[
16/9Rzpi456ηpR
z
η456pip χp + 32/9R
z
pi456ηpR
z
η456piq χ13
]
− 16/3 B¯(χpi, χη, 0, k)Lr7
[
Rzpi456ηpR
z
η456pip −Rzpi456ηpRzη456piq
] − 16/9 B¯(χpi, χη, 0, k)Lr8 [Rzpi456ηpRzη456pip
− Rzpi456ηp Rzη456piq
] − 1/36 B¯(χ1, χ1, 0)B¯(χ3, χ3, 0)Rd1Rd3 χ13 + 32/3 B¯(χ1, χ3, 0)Lr7Rd1Rd3 χ13
+ 32/9 B¯(χ1, χ3, 0)L
r
8R
d
1R
d
3 χ13 + 16/3 B¯(χ1, χ3, 0, k)L
r
7R
d
1R
d
3 + 16/9 B¯(χ1, χ3, 0, k)L
r
8R
d
1R
d
3
+ HF (1, χp, χp, χ13, χ13)
[−1/4χpχ13 − 3/8χ213 − 1/18 (Rpqpiη)2χ213 + 1/6RpqpiηRcp χ213 − 1/24 (Rcp)2χ213]
+ HF (1, χp, χ1s, χ3s, χ13)
[−5/12Rpqpiη χqχ13 + 1/6Rpqpiη χpsχ13 + 1/8Rpspiη χqχ13 + 7/24Rpspiη χ13χs
− 1/12 Rcp χpsχ13
]
+ 1/4HF (1, χps, χqt, χst, χ13)χ13χst + H
F (1, χm, χp, χ13, χ13)
[
2/9RpqmnR
m
n13 χ
2
13
− 1/18 RpqmnRvmn13 χ213 + 1/9RmnppRcp χ213 + 1/36RcpRvmn13 χ213
]
+ HF (1, χm, χm, χ13, χ13)
[
2/9 (Rmn13)
2χ213 + 2/9R
m
n13R
v
mn13 χ
2
13 + 5/72 (R
v
mn13)
2χ213
]
+ HF (1, χm, χ1s, χ3s, χ13)
[−1/8Rmnps χpχ13 − 5/24Rmnps χqχ13 + 1/3Rmn13 χ213 − 1/24Rvmnps χmχ13
− 1/24 Rvmn13 χ13χs] + HF (1, χpi, χη, χ13, χ13)
[
1/9RpiηppR
η
pipp χ
2
13 + 2/9R
pi
η13R
η
pi13 χ
2
13
+ 1/36 Rvpiη13R
v
ηpi13 χ
2
13
]
+ HF (1, χ1, χ13, χ3, χ13)
[−1/18RpqpiηRcq χ213 + 1/3R13piηR31piη χ213
+ 1/36 Rc1R
c
3 χ
2
13
]
+ 1/4HF (1, χ13, χ13, χ13, χ13)χ
2
13 − HF (2, χp, χp, χ13, χ13)
[
1/18RpqpiηR
d
p χ
2
13
− 5/36 RcpRdp χ213
]
+ HF (2, χp, χm, χ13, χ13)
[
1/9RmnppR
d
p χ
2
13 + 1/36R
d
pR
v
mn13 χ
2
13
]
− HF (2, χp, χ13, χq, χ13)
[
1/18RqppiηR
d
p χ
2
13 − 1/36RcqRdp χ213
] − 1/12HF (2, χp, χ1s, χ3s, χ13)Rdp χpsχ13
+ 5/72HF (5, χp, χp, χ13, χ13) (R
d
p)
2χ213 + 1/36H
F (5, χ1, χ3, χ13, χ13)R
d
1R
d
3 χ
2
13
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+ HF1 (1, χp, χp, χ13, χ13)
[
2χ213 + 4/9 (R
p
qpiη)
2χ213 − 4/9RpqpiηRcp χ213 + 2/9 (Rcp)2χ213
]
+ 2/3HF1 (1, χp, χ1s, χ3s, χ13)R
p
qpiηR
z
sqp χ
2
13 − 2/3HF1 (1, χps, χqs, χp, χ13)Rpspiη χ213
− 2/3HF1 (1, χps, χqs, χm, χ13)Rmn13Rzspm χ213 + 2/9HF1 (1, χ13, χp, χm, χ13)
[
RpqmnR
v
mn13 χ
2
13
− RmnppRzqpmRcp χ213
] − HF1 (1, χ13, χm, χm, χ13) [2/9Rmn13Rvmn13 χ213 + 1/9 (Rvmn13)2χ213]
− 2/9HF1 (1, χ13, χpi, χη, χ13)
[
RpiηppR
z
qηpR
v
ηpi13 χ
2
13 −Rpiη13Rvηpi13 χ213
]
+ HF1 (1, χ13, χ1, χ3, χ13)
[
2/9RpqpiηR
c
q χ
2
13 − 4/9R13piηR31piη χ213
]
+ 2/9HF1 (3, χ13, χp, χp, χ13)
[
RpqpiηR
d
p χ
2
13
− RcpRdp χ213
]
+ 2/9HF1 (3, χ13, χp, χq, χ13)R
q
ppiηR
d
p χ
2
13 + 2/9H
F
1 (3, χ13, χp, χm, χ13)R
m
n13R
z
pqmR
d
p χ
2
13
− 1/9HF1 (7, χ13, χp, χp, χ13) (Rdp)2χ213 − 3/4HF21(1, χp, χp, χ13, χ13)χ213
− 1/4HF21(1, χp, χ1s, χ3s, χ13)RpqpiηRzsqp χ213 + 1/4HF21(1, χps, χqs, χp, χ13)
[
Rpqpiη χ
2
13 +R
p
spiη χ
2
13 −Rcp χ213
]
+ 1/4HF21(1, χps, χqs, χq, χ13)R
q
ppiηR
z
spq χ
2
13 + 1/4H
F
21(1, χps, χqs, χm, χ13)R
m
n13R
z
pqmR
z
spm χ
2
13
− 1/4HF21(1, χm, χ1s, χ3s, χ13)Rmn13Rzs1mRzs3m χ213 + HF21(1, χ13, χp, χp, χ13)
[
3/8χ213 + 1/6 (R
p
qpiη)
2χ213
− 1/6 RpqpiηRcp χ213 + 1/24 (Rcp)2χ213
] − HF21(1, χ13, χp, χm, χ13) [1/6RpqmnRvmn13 χ213 − 1/12RcpRvmn13 χ213]
+ 1/24HF21(1, χ13, χm, χm, χ13) (R
v
mn13)
2χ213 + 1/12H
F
21(1, χ13, χpi, χη, χ13)R
v
piη13R
v
ηpi13 χ
2
13
+ HF21(1, χ13, χ1, χ3, χ13)
[−1/6RpqpiηRcq χ213 + 1/3R13piηR31piη χ213 + 1/12Rc1Rc3 χ213]
+ 3/4HF21(1, χ13, χ13, χ13, χ13)χ
2
13 + 3/4H
F
21(1, χst, χps, χqt, χ13)χ
2
13
− 1/4HF21(3, χps, χp, χqs, χ13)Rdp χ213 − HF21(3, χ13, χp, χp, χ13)
[
1/6RpqpiηR
d
p χ
2
13 − 1/12RcpRdp χ213
]
− HF21(3, χ13, χp, χq, χ13)
[
1/6RqppiηR
d
p χ
2
13 − 1/12RcqRdp χ213
]
+ 1/12HF21(3, χ13, χp, χm, χ13)R
d
pR
v
mn13 χ
2
13
+ 1/24HF21(7, χ13, χp, χp, χ13) (R
d
p)
2χ213 + 1/12H
F
21(7, χ13, χ1, χ3, χ13)R
d
1R
d
3 χ
2
13. (62)
IV. ANALYTICAL RESULTS FOR THE DECAY
CONSTANTS
In the previous section, explicit analytical results for
the masses of charged pseudoscalar mesons to NNLO in
PQχPT were presented for all possible degrees of de-
generacy in the quark masses. The decay constants of
the pseudoscalar mesons are similarly known, and have
for the most part been published earlier in Ref. [10]. In
that reference, analytical results were presented for all
cases except for the most difficult one with dval = 2 and
dsea = 3. However, the more advanced simplification
methods used for the meson masses in this paper has
also made it possible to bring that expression down to
a manageable size. This is not surprising, since the re-
sults for the decay constants are in general slightly less
complex than the ones for the meson masses. In order to
obtain a complete set of NNLO calculations, the expres-
sion for the decay constant with dval = 2 and dsea = 3 is
presented here.
The decay constants Fa of the pseudoscalar mesons are
obtained from the definition
〈0|Aµa(0)|φa(p)〉 = i
√
2 pµ Fa, (63)
in terms of the axial current operator Aµa(0). In the fol-
lowing developments, the flavor index a has been sup-
pressed for simplicity. The Feynman diagrams that con-
tribute to the axial current operator at NNLO, or O(p6),
are those shown in Fig. 2. Diagrams of O(p2) and O(p4)
also contribute to Eq. (63) via the renormalization of the
pseudoscalar meson wave function φa(p). From Eq. (63),
the expression for the decay constant of a pseudoscalar
meson to O(p6) is given by
Fphys√
Z
= F0 + F4(M
2
phys, χi)
+ F6(M
2
phys, χi) + O(p8), (64)
where
√
Z is the wave function renormalization factor.
Here the subscripts of the matrix elements F indicate
the chiral order, and should not be confused with the
flavor index a in Eq. (63). Thus F4 and F6 denote the
matrix elements of the axial current operator at NLO and
NNLO, respectively. In the above equation, the lowest
order contribution F2 has already been identified with
F0. The wave function renormalization is given in terms
of the self-energy diagrams by
Z−1 ≡ 1− ∂Σ(p
2, χi)
∂p2
∣∣∣∣
M2
phys
(65)
which becomes, when expanded such that all contribu-
tions up to O(p6) are taken into account,
√
Z = 1 +
Σ′
2
+
3
8
Σ′
2
+ · · · (66)
Σ′ =
∂Σ4(p
2, χi)
∂p2
∣∣∣∣
M2
phys
+
∂Σ6(p
2, χi)
∂p2
∣∣∣∣
M2
phys
(67)
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FIG. 2: Feynman diagrams up to O(p6) or two loops, for the matrix element F (M2phys, χi) of the axial current operator A
µ
a(0).
Filled circles denote vertices of the L2 Lagrangian, whereas open squares and diamonds denote vertices of the L4 and L6
Lagrangians, respectively. In the top row, the first diagram from the left is of O(p2), whereas the other two diagrams are of
O(p4). The diagrams of O(p6), which give the NNLO correction to the decay constant, are shown in the bottom row.
and is thus seen to contain self-energy contributions of
O(p4) as well as O(p6). It should be noted that the two
terms in the expression for Σ′ are of chiral order p2 and
p4, respectively. That the self-energy of O(p8) does not
contribute at NNLO is evident from Eq. (64), since the
matrix element of the axial current operator itself is of
O(p2) or higher. By combining all the above results and
expressing everything, analogously to Eq. (51), in terms
of the lowest order meson mass M0, the final result for
the decay constant at NNLO is obtained as
Fphys = F0 +
O(p4) contribution︷ ︸︸ ︷
F4(χi) + F0
∂Σ4(p
2, χi)
2 ∂p2
∣∣∣∣
M2
0
(68)
+ F0
3
8
(
∂Σ4(p
2, χi)
∂p2
∣∣∣∣
M2
0
)2
+ F0
∂Σ6(p
2, χi)
2 ∂p2
∣∣∣∣
M2
0
+ F4(χi)
∂Σ4(p
2, χi)
2 ∂p2
∣∣∣∣
M2
0
+ F6(M
2
0 , χi) + O(p8),
where all noncontributing terms have been discarded. In
principle, the NLO result indicated by braces in the above
equation depends onM2phys and has to be expanded, anal-
ogously to the calculation of the meson masses, around
M20 up to O(p6). However, the extra terms generated by
such an expansion can be eliminated using the identities
∂F4(p
2, χi)
∂p2
= 0,
∂2Σ4(p
2, χi)
∂(p2)2
= 0. (69)
The former one follows from the fact that the matrix
element F4 does not depend on p
2, and the latter one is
valid since the highest power of the momentum p that
appears in the self-energy Σ4 is p
2. The NNLO decay
constants of the charged pseudoscalar mesons so obtained
depend on the O(p6) LEC:s Kr19 through Kr23.
The physical decay constant of a charged pseudoscalar
meson Φij is given to NNLO in the form
Fphys = F0
[
1 +
f (4)vs
F 20
+
f
(6)vs
ct + f
(6)vs
loops
F 40
+O(p8)
]
,
(70)
where the O(p4) and O(p6) contributions have been sepa-
rated and denoted by f rather than δ in order to minimize
the potential for confusion with the rather similar ex-
pressions for the pseudoscalar meson masses. Again, the
NNLO contribution f (6) has been further split into the
contributions from the chiral loops and from the O(p6)
counterterms. As for the meson masses, the superscripts
(v) and (s) indicate the values of dval and dsea, respec-
tively. Up to NLO, the pseudoscalar meson decay con-
stant for dval = 2 and dsea = 3 is given by
f (4)23 = 12Lr4 χ¯1 + 4L
r
5 χ13
+ A¯(χp)
[
1/6Rpqpiη − 1/12Rcp
]
+ 1/4 A¯(χps) − 1/12 A¯(χm)Rvmn13
− 1/12 B¯(χp, χp, 0)Rdp, (71)
and agrees as expected with Refs. [3, 7]. The LEC:s at
O(p6) give the following contribution to the pseudoscalar
meson decay constant for dval = 2 and dsea = 3,
f
(6)23
ct = 4K
r
19 χ
2
p + 24K
r
20 χ¯1 χ13 + 24K
r
21 χ¯2
+ 72Kr22 χ¯
2
1 + 8K
r
23 χ1χ3. (72)
The expression for the chiral loop contribution is rather
long, but it can be brought to a manageable form with
the new notation introduced earlier in this paper. The
result for dval = 2 and dsea = 3 is
22
f
(6)23
loops = π16 L
r
0
[
4/9χpiχη − 1/2χ1χ3 + χ213 − 13/3 χ¯1χ13 − 35/18 χ¯2
] − 2 π16 Lr1 χ213 − π16 Lr2 [11/3χpiχη + χ213
+ 13/3 χ¯2] + π16 L
r
3
[
4/9χpiχη − 7/12χ1χ3 + 11/6χ213 − 17/6 χ¯1χ13 − 43/36 χ¯2
]
+ π216 [−15/64χpiχη
− 59/384 χ1χ3 + 65/384χ213 − 1/2 χ¯1χ13 − 43/128 χ¯2
] − 48Lr4Lr5 χ¯1χ13 − 72Lr24 χ¯21 − 8Lr25 χ213
+ A¯(χp)π16
[−1/8 χ¯1Rpqpiη + 1/16 χ¯1Rcp − 1/12Rpqpiη χ13 + 1/48Rcp χq + 1/48Rcp χ13]
+ A¯(χp)L
r
0
[
8/3Rpqpiη χp + 2/3R
c
p χp + 2/3R
d
p
]
+ A¯(χp)L
r
3
[
2/3Rpqpiη χp + 5/3R
c
p χp + 5/3R
d
p
]
− A¯(χp)Lr4
[
2 χ¯1R
p
qpiη − χ¯1Rcp
] − A¯(χp)Lr5 [2/3Rpqpiη χ13 + 1/3Rcp χ13] + A¯(χp)2 [1/16 + 1/72 (Rpqpiη)2
− 1/72 RpqpiηRcp + 1/288 (Rcp)2
] − A¯(χp)A¯(χps) [1/36Rpqpiη + 5/72Rpspiη − 7/144Rcp]
− A¯(χp)A¯(χqs)
[
1/36Rpqpiη + 1/24R
p
spiη + 1/48R
c
p
] − A¯(χp)A¯(χm) [1/72RpqmnRvmn13 − 1/144RcpRvmn13]
+ 1/8 A¯(χp)A¯(χ13) − 1/108 A¯(χp)A¯(χst) (Rpspiη)2Rztsspp + A¯(χp)B¯(χp, χp, 0)
[
1/4χp − 1/18RpqpiηRcp χp
− 1/72 RpqpiηRdp + 1/18 (Rcp)2χp + 1/144RcpRdp
]
+ 1/18 A¯(χp)B¯(χp, χm, 0)R
z
qmpR
c
pR
v
mn13 χp
− A¯(χp)B¯(χq, χq, 0)
[
1/72RpqpiηR
d
q − 1/144RcpRdq
] − 1/12 A¯(χp)B¯(χps, χps, 0)Rpspiη χps
− 1/18 A¯(χp)B¯(χ1, χ3, 0)RqppiηRcp χp + 1/18 A¯(χp)C¯(χp, χp, χp, 0)RcpRdp χp + A¯(χp, ε)π16
[
1/8 χ¯1R
p
qpiη
− 1/16 χ¯1Rcp − 1/16Rcp χp − 1/16Rdp
]
+ A¯(χps)π16 [1/16χps − 3/16χqs − 3/16 χ¯1] − 2 A¯(χps)Lr0 χps
− 5 A¯(χps)Lr3 χps − 3 A¯(χps)Lr4 χ¯1 + A¯(χps)Lr5 χ13 − 1/32 A¯(χps)2 − 1/16 A¯(χps)A¯(χpt)
+ 1/16 A¯(χps)A¯(χqt) + A¯(χps)A¯(χm)
[
7/144Rmnpp − 5/72Rmnps − 1/48Rmnqq + 5/72Rmnqs − 1/36Rmn13
]
+ A¯(χps)B¯(χp, χp, 0)
[
1/24Rpspiη χp − 5/24Rpspiη χps
] − A¯(χps)B¯(χp, χm, 0) [1/18RmnpsRzqpm χp
+ 1/9 RmnpsR
z
qpm χps
] − 1/48 A¯(χps)B¯(χq, χq, 0)Rdq + 1/18 A¯(χps)B¯(χ1, χ3, 0)Rqspiη χs
+ 1/9 A¯(χps)B¯(χ1, χ3, 0, k)R
q
spiη + 3/16 A¯(χps, ε)π16 [χs + χ¯1] + A¯(χm)π16 [1/16 χ¯1R
v
mn13
− 1/48 Rvmn13 χm + 1/16Rvmn13 χ13] + A¯(χm)Lr0 [4Rmn13 χm + 2/3Rvmn13 χm] − 8 A¯(χm)Lr1 χm
− 2 A¯(χm)Lr2 χm + A¯(χm)Lr3 [4Rmn13 χm + 5/3Rvmn13 χm] + A¯(χm)Lr4 [4χm + χ¯1Rvmn13]
− A¯(χm)Lr5 [4/3Rmn13 χ13 + 1/3Rvmn13 χ13] + 1/288 A¯(χm)2 (Rvmn13)2 − 1/108 A¯(χm)A¯(χst)Rvmn13Rvmnst
+ A¯(χm)B¯(χp, χp, 0)
[−1/18RpqmnRmnpp χp − 1/108 (Rpsmn)2Rmnss χs + 1/18RmnppRcp χp + 1/144RdpRvmn13]
+ A¯(χm)B¯(χp, χm, 0)
[−1/54RpsmnRmnpsRmnss χs + 1/54RpsmnRmnqsRmnss χs + 1/18 (Rmnpp)2χp
− 1/18 RmnppRmn13 χp
]
+ A¯(χm)B¯(χp, χn, 0)
[−1/54RpsmnRmnssRnmps χs + 1/54RpsmnRmnssRnmqs χs
+ 1/18 RmnppR
n
mpp χp − 1/18RmnppRnm13 χp
] − 1/12 A¯(χm)B¯(χps, χps, 0)Rmnps χps
− 1/108 A¯(χm)B¯(χm, χm, 0) (Rmnss)2Rvmn13 χs − 1/54 A¯(χm)B¯(χm, χn, 0)
[
RmnpsR
m
nssR
n
mps χs
− RmnqsRmnssRnmps χs
] − 1/108 A¯(χm)B¯(χn, χn, 0)RmnssRnmssRvnm13 χs
− A¯(χm)B¯(χ1, χ3, 0)
[
1/18RqpmnR
m
npp χp − 1/54RmnssR1smnR3smn χs
]
+ 1/18 A¯(χm)C¯(χp, χp, χp, 0)R
m
nppR
d
p χp + A¯(χm, ε)π16 [1/8χm − 1/16 χ¯1Rvmn13 − 1/8Rmn13 χm
− 1/16 Rvmn13 χm] + 1/144 A¯(χpi)A¯(χη)Rvpiη13Rvηpi13 + A¯(χ1)A¯(χ3)
[−1/72RpqpiηRcq + 1/36R13piηR31piη
+ 1/144 Rc1R
c
3] − 4 A¯(χ13)Lr1 χ13 − 10 A¯(χ13)Lr2 χ13 + 1/8 A¯(χ13)2 − 1/2 A¯(χ13)B¯(χ1, χ3, 0, k)
+ 1/4 A¯(χ13, ε)π16 χ13 + 1/16 A¯(χ1s)A¯(χ3s) − 16 A¯(χst)Lr1 χst − 4 A¯(χst)Lr2 χst + 8 A¯(χst)Lr4 χst
+ 1/18 A¯(χst)B¯(χp, χp, 0)R
p
spiηR
p
tpiη χst + 1/54 A¯(χst)B¯(χp, χm, 0)
[
Rwmppst −Rwmpqst
]
− 1/54 A¯(χst)B¯(χp, χm, 0, k)
[
Rumppst −Rumpqst
]
+ 1/18 A¯(χst)B¯(χm, χm, 0)R
m
nstR
v
mn13 χst
+ 1/54 A¯(χst)B¯(χpi, χη, 0)
[
Rwpiηppst −Rwpiηpqst
] − 1/54 A¯(χst)B¯(χpi, χη, 0, k) [Rupiηppst −Rupiηpqst]
− 1/54 A¯(χst)B¯(χ1, χ3, 0)Rw13st + 1/54 A¯(χst)B¯(χ1, χ3, 0, k)Ru13st + 1/4 A¯(χst, ε)π16 χst
+ B¯(χp, χp, 0)π16
[
1/16 χ¯1R
d
p + 1/96R
d
p χp + 1/32R
d
p χq
]
+ 2/3 B¯(χp, χp, 0)L
r
0R
d
p χp
+ 5/3 B¯(χp, χp, 0)L
r
3R
d
p χp + B¯(χp, χp, 0)L
r
4
[−4 χ¯1Rpqpiη χp + 2 χ¯1Rcp χp + 3 χ¯1Rdp]
+ B¯(χp, χp, 0)L
r
5
[−4/3Rpqpiη χ1χ3 + 2/3Rcp χ2p − 1/3Rdp χ13] + B¯(χp, χp, 0)Lr6 [8 χ¯1Rpqpiη χp − 4 χ¯1Rcp χp
− 4 χ¯1Rdp
]
+ 4 B¯(χp, χp, 0)L
r
7 (R
d
p)
2 + B¯(χp, χp, 0)L
r
8
[
8/3Rpqpiη χ1χ3 − 4/3Rcp χ2p + 4/3 (Rdp)2
]
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+ B¯(χp, χp, 0)
2
[−1/18RpqpiηRdp χp + 1/18RcpRdp χp + 1/288 (Rdp)2]
+ 1/18 B¯(χp, χp, 0)B¯(χp, χm, 0)R
z
qmpR
d
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v
mn13 χp − 1/18 B¯(χp, χp, 0)B¯(χ1, χ3, 0)RqppiηRdp χp
+ 1/18 B¯(χp, χp, 0)C¯(χp, χp, χp, 0) (R
d
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2χp − 1/16 B¯(χp, χp, 0, ε)π16
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χ¯1R
d
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p χp
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r
7R
z
311mm(R
z
m456n1)
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r
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1/8χp − 1/16χ13 − 1/36 (Rpqpiη)2χ13
+ 1/36 RpqpiηR
c
p χ13 − 1/144 (Rcp)2χ13
]
+ HF (1, χp, χ1s, χ3s, χ13)
[−1/12Rpqpiη χqs + 1/24Rpqpiη χ13
− 1/16 Rpspiη χp + 1/48Rpspiη χq + 1/24Rcp χps
] − 1/8HF (1, χps, χqt, χst, χ13)χst
+ HF (1, χm, χp, χ13, χ13)
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1/36RpqmnR
v
mn13 χ13 − 1/72RcpRvmn13 χ13
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FIG. 3: The relative shifts of the charged pseudoscalar meson mass ∆M and decay constant ∆F to NNLO for dval = 1 and
dsea = 1, as a function of the valence and sea-quark masses χ1 and χ4. The quantity plotted represents the sum of the NLO
and NNLO shifts, and the difference between two successive contour lines in the plots is 0.10. The values chosen for the LEC:s
correspond to ”fit 10” as discussed in the text.
V. NUMERICAL RESULTS AND DISCUSSION
A. Checks on the Calculation
It is mandatory, in such a lengthy and complex cal-
culation, that all possible measures be taken to ensure
the correctness of the analytical as well as the numeri-
cal results. First of all, the divergence structure and the
cancellation of nonlocal divergencies has been found to
behave as expected. However, finiteness alone is not a
very rigorous check on the end results, as several of the
two-loop sunset integrals are convergent because of the
appearance of double poles in the propagators. A much
more rigorous check is provided by the fact that most
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FIG. 4: Comparison of the NLO, NNLO and total NLO+NNLO shifts of the charged meson mass for dval = 1 and dsea = 1.
The left-hand plot shows the NLO and NLO+NNLO results for the set of LEC:s labeled ’fit 10’, which has been used for
all the other figures in this paper. The right-hand plot shows the result when ”fit 10” is augmented by Lr0 = −0.2 × 10
−2,
Lr4 = 0.1×10
−3 , and Lr6 = −0.1×10
−3 . The effects of introducing a nonzero value for the O(p6) LEC Kr25 is also demonstrated
for the NNLO and NLO+NNLO results.
parts of the calculation have been performed indepen-
dently by each one of the authors, such that the computer
programs written to handle the symbolic manipulations
(mainly using FORM) have been developed independently.
At the end of the calculation, and at several intermediate
steps during the process, the output from each program
has been compared and cross-checked, to make sure that
perfect agreement was found. These checks are highly
nontrivial, since the form of the (equivalent) outputs is
by no means unique. Firstly, the exact appearance of the
result depends on the order in which the various sym-
metries inherent in the Feynman diagrams have been
implemented. Secondly, the various loop integrals and
propagator residues R satisfy a large number of nontriv-
ial relations, yielding further possibilities to rewrite the
result. In the very end, the output from one computer
program was simplified and compressed (by more than an
order of magnitude) to bring it into a publishable size.
Again, that expression was thoroughly checked to de-
termine whether the compactified analytical expressions
were still equivalent to the other two versions.
The computer programs for the numerical treatment
of the analytical expressions have also been produced in-
dependently of each other. Thus the risk for acciden-
tal cross-contamination has been minimized as each code
was produced in a different programming language (f77,
f90 and C++). All three programs have been found to
agree with each other, and the permutation symmetries
under exchange of quark masses have been verified up
to the numerical precision. As a final check, the general
mass cases have been found to converge numerically, as
expected, towards the less complex ones when pairs of
quark masses become degenerate.
B. Presentation of Numerical Results
In view of the complexity of the analytical NNLO
results in PQχPT, a graphical presentation of the re-
sults is clearly called for. In general, the corrections
to the pseudoscalar meson masses and decay constants
are real-valued functions of all the sea and valence quark
masses. Since, for the nondegenerate cases, this involves
the graphical representation of a function which depends
on up to five different quark masses, an exhaustive plot
is obviously difficult to produce. Except for the most de-
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FIG. 5: The combined NLO and NNLO shifts ∆M of the
charged pseudoscalar meson mass, plotted for dval = 2 and
dsea = 1, for θ = 60
◦ in the χ1 − χ4 plane, and for the pro-
portionality factors x = {0.25, 1.1, 2.0, 5.0, 10.0} between the
valence quark masses χ3 and χ1.
generate (1+1) mass case, the choice has therefore been
to present everything as a function of the valence quark
mass χ1 only, by parameterizing the dependence on all
other quark masses in terms of χ1. Furthermore, due
to the size and complexity of the analytical expressions,
their practical usefulness depends highly on the availabil-
ity of software which can produce numerical output from
these expressions in a reliable manner. In view of this,
the software which was used for the figures in this pa-
per will be made available in the near future from the
website [14].
In addition to the quark mass dependence, the NNLO
expressions are also functions of a number of largely un-
known LEC:s. In the long run, these LEC:s should of
course be determined by a fit of the PQχPT formulas to
Lattice QCD data. At the present time, this is not yet
possible, although suitable simulation results should be-
come available in the near future. Therefore, the present
work makes use of the LEC:s determined by a fit to exper-
imental data, referred to as ”fit 10”, which is presented
in Ref. [23]. That fit has F0 = 87.7 MeV and a renor-
malization scale of µ = 770 MeV. The NNLO LEC:s Kri
and the NLO LEC:s Lr4, L
r
6 and L
r
0 were not determined
in ”fit 10”, and they have thus been set to zero for sim-
plicity. However, some results for nonzero values of these
LEC:s are presented in Fig. 4. It should be noted that
Lr0 cannot, as discussed earlier in this paper, be deter-
mined from experimental data, since it is a distinguish-
able quantity only in the PQ theory. Some recent results
on Lr4 and L
r
6 have been obtained in Ref. [24], but they
have nevertheless been set to zero in most of the plots
in this paper, since the present numerics are mainly in-
tended for illustrative purposes.
In the next subsections, the NNLO meson masses and
decay constants are presented in terms of the relative
shifts ∆M and ∆F respectively, which represent the
change in the indicated quantity due to the NLO and
NNLO contributions. For the pseudoscalar meson mass,
∆M is defined by
∆M = M
2
phys/χij − 1, (74)
where χij has again been substituted for the lowest order
result. The calculation of ∆M thus involves the numerical
evaluation of M2phys in Eq. (52) to the order of the plot
in question. For clarity, it is useful to recall here the
definitions
χi = 2B0mqi,
χij = (χi + χj)/2, (75)
where mqi denotes the (current) mass of the quark qi.
In χPT, this corresponds to the lowest order mass of
a meson composed of a quark and an antiquark, each
of mass mqi. As an example, the quantity χ1 plotted
on the horizontal axes of Figs. 3 and 4 represents the
lowest order mass of the valence quark meson q¯1q1, and
is given by χ1 = 2B0m1. Where no confusion can arise,
the quantities χi are sometimes referred to as ”quark
masses”.
The decay constant shift ∆F is defined in a similar
way, such that
∆F = Fphys/F0 − 1, (76)
where Fphys of Eq. (70) is again evaluated to the desired
order. Since the decay constant has been treated in de-
tail in Ref. [10], the numerical analysis of this paper will
mainly focus on the pseudoscalar meson masses. The de-
pendence of the results on the sea-quark mass χ4 and
the valence quark mass χ3 is parameterized in terms of
an angle θ in the χ1 − χ4 plane and a proportionality
factor x, according to
χ4 = tan θ χ1,
χ3 = xχ1, (77)
and the deviations of the remaining sea quark masses
from χ4 are similarly given by
χ5 = y χ4,
χ6 = z χ4. (78)
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FIG. 6: The combined NLO and NNLO shifts ∆M of the charged meson mass plotted for dsea = 2 and θ = 60
◦. The left-hand
plot shows the results for dval = 1 and a ratio between the sea-quark masses χ6 and χ4 of z = {0.25, 0.5, 1.0, 1.1, 3.0, 10.0}.
The right-hand plot shows the dval = 2 result for z = 3.0 and a ratio between the valence quark masses χ3 and χ1 of
x = {1.0, 1.1, 2.0, 3.0, 3.5, 5.0}.
The values of x, y, z and θ shown in the various plots
in this paper have been chosen for convenience, and do
not carry any particular significance. A value θ > 45◦
was chosen since the sea-quark masses are then heavier
than the valence ones, a situation which is encountered
in realistic Lattice QCD simulations. The values for the
other quark mass ratios have been picked so as to illus-
trate a large range of possible quark mass combinations,
but they have otherwise been arbitrarily chosen.
The expressions calculated to NNLO for degenerate
quark masses should be numerically recoverable as lim-
its of the more general ones, which serves as a useful
consistency check. This has been checked for all cases
studied, and is explicitly demonstrated for each of the
proportionality factors x, y and z. For each diagram, one
of the plot curves from a more degenerate mass case (the
thicker black curve) has been included for comparison.
The curve with the new mass ratio, x, y or z equal to 1
shows the more degenerate case and the curve with the
ratio equal to 1.1 shows how the more degenerate case is
approached.
A naive validity criterion for PQχPT is that all masses
should satisfy approximately χi ≤ 0.3 GeV2, but this
should naturally be separately checked for each quantity
in question. Note that the plots presented in this paper
have been extended to include also regions where this
constraint is not satisfied. A general study of the conver-
gence of the PQχPT expansion up to NNLO is beyond
the scope of this paper, as realistic values obtained from
Lattice QCD simulations should be used for all LEC:s
before any meaningful statements concerning the relative
magnitude of the NNLO corrections can be made. The
question of convergence then hinges on whether it is pos-
sible to describe the Lattice QCD data in such a way that
the NNLO correction is of a reasonable magnitude. How-
ever, on a qualitative level, the convergence is typically
better for the decay constant than for the mass, and the
inclusion of nonzero values for the Lri tends to improve
the convergence. Nevertheless, it should be kept in mind
that these statements are mainly valid for the LEC:s of
”fit 10” since a general study of the convergence has not
yet been performed.
It should also be noted that an example which demon-
strates the effect of variation of the O(p4) LEC:s as well
as the introduction of nonzero values for the O(p6) LEC:s
on the convergence of the chiral expansion (in the most
degenerate mass case) is shown in Fig. 4 and discussed
in Sect. VC.
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FIG. 7: The combined NLO and NNLO shifts of the charged meson mass, in the left-hand plot for dval = 1 and dsea = 3,
with θ = 60◦, z = 3.0 and a ratio χ5/χ4 of y = {0.5, 1.0, 1.1, 2.0, 4.0, 8.0}. The right-hand plot shows the case of dval = 2 and
dsea = 3, with θ = 60
◦, z = 3.0, x = 2.0 and y = {0.5, 1.0, 1.1, 4.0, 10.0}
.
C. Numerical Results for dsea = 1
Numerical results for the simplest possible case, where
both valence quarks are degenerate, i.e. x = 1, have
already appeared in a number of earlier works. In partic-
ular, the case of degenerate sea-quark masses, y = z = 1,
has been considered extensively in Refs. [9] and [10] both
for the meson mass and the decay constant, as well as
for different choices of LEC:s. In addition to this, Fig. 3
shows a two-dimensional plot of the mass shift ∆M and
the decay constant shift ∆F over the whole parameter
space up to 0.5 GeV2. These include thus ∆M and ∆F
for all values of θ.
An important question in the context of PQχPT calcu-
lations is the issue of convergence of the chiral expansion
as a function of the input quark masses. At present,
this question cannot be easily answered since the behav-
ior of the NNLO expressions given in this paper depends
rather sensitively on the values of the LEC:s. This point
is well illustrated by Fig. 4, where the NLO mass shift for
θ = 60◦, dval = 1 and dsea = 1 has been given explicitly.
For the set of LEC:s labeled ”fit 10”, the NLO result is
very small and the total result is completely dominated
by the NNLO contribution. For this set of LEC:s, there
is obviously no good convergence and the overall correc-
tions are rather large for most values of χ1. Furthermore,
the strong curvature exhibited by the NNLO result is not
typical of the behavior seen in Lattice QCD simulations.
It should be noted that unquenched χPT also shows sim-
ilar behavior [23] for these values of the LEC:s.
This apparently pathological behavior can be com-
pletely changed by appropriately tuning the values of the
LEC:s, as shown in Fig. 4. From the results shown in that
plot, one can conclude that ”fit 10” with small changes
is actually completely compatible with excellent conver-
gence of the PQχPT expansion. In fact, by choosing
Lr0 = −0.2×10−2, Lr4 = 0.1×10−3 and Lr6 = −0.1×10−3,
the dramatic curvature in the NNLO contribution is
straightened out and the near total cancellation in the
NLO result is eliminated. The total NLO+NNLO re-
sult then lies close to the NLO one even for rather large
values of χ1 and χ4. The effects of considering nonzero
values of the LEC:s at O(p6) can be sizeable as well. The
changes that result from the introduction of a naturally
sized value ofKr25 = −0.3×10−5 are also shown in Fig. 4.
Overall, these changes in the values of the LEC:s yield a
nicely convergent chiral expansion and a rather smooth
and featureless final result.
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FIG. 8: The combined relative NLO and NNLO shifts of
the charged meson decay constant, ∆F , plotted for dval = 2
and dsea = 3, with θ = 60
◦, z = 5.0, x = 2.0 and y =
{0.25, 0.5, 1.1, 1, 2, 4}. Note that further plots for smaller val-
ues of dval and dsea can be found in Ref. [11].
For the case of dval = 2 and dsea = 1, the mass shift
∆M has been plotted in Fig. 5 as a function of the input
valence quark mass χ1 for several values of the valence
quark mass ratio x. Note that the shifts ∆ should vanish
in the chiral limit, χi → 0, which is obviously satisfied
by the plots since the sea-quark masses also vanish for
χ1 → 0. On the other hand, it is apparent from Fig. 3
that the shifts ∆ do not vanish if the valence quark mass
is set to zero for a constant value of the sea-quark mass.
This effect is due to the quenched chiral logarithms and
constitutes a generic feature of the PQ theory. Further-
more, Fig. 5 shows that the results for the (2+1) mass
case converge well toward the (1+1) mass case (the thick
black curve) in the limit x→ 1.
D. Numerical Results for dsea = 2 and dsea = 3
The expressions for dsea = 2 have two sea-quark mass
parameters, χ4 and χ6. In the numerical analysis, the
latter is given in terms of the former by the ratio z of
Eq. (78). As for dsea = 1, the sea-quark masses are pa-
rameterized with respect to the valence quark mass χ1
by the angle θ, as in Eq. (77). Similarly, for dval = 2 the
relationship between the valence quark masses χ1 and
χ3 is given by the ratio x as defined in Eq. (77). For the
case of dsea = 2, the behavior of ∆M as a function of χ1
is illustrated, for different choices of x and z, in Fig. 6.
As for the previous mass case, all mass shifts vanish in
the chiral limit for all cases shown in Fig. 6. In the left-
hand plot of Fig. 6, the thick black curve of the mass
case (1+1) has been plotted for the same parameters as
in Fig. 5, and as expected, the NNLO correction again
approaches this curve in the limit z → 1. In the right-
hand plot of Fig. 6, the thick black curve corresponds to
the mass case (1+2), with 60◦ and z = 3.0. There, the
convergence to the more degenerate quark mass configu-
ration is quite fast, as the plot for x = 1.1 lies very close
to that curve.
Finally, the case with dsea = 3 depends on all three
sea-quark mass parameters χ4, χ5 and χ6, given in terms
of the θ and y, z defined in Eqs. (77) and (78). In the
left-hand plot of Fig. 7, ∆M is shown as a function of
χ1 for dval = 1 and dsea = 3, and in the right-hand plot
the case with dval = 2 and dsea = 3 is shown. As for
all previous cases, the mass shifts vanish in the chiral
limit. In both plots of Fig. 7, the thick black curves
can be found among the lines plotted for dsea = 2 in
Fig. 6. Again, the convergence to the respective thick
black lines is seen to be properly attained when y → 1.
For completeness, a plot of the relative NNLO correction
to the decay constant in shown in Fig. 8. Plots for the
more degenerate mass cases can be found in Ref. [10].
E. Determination of LECs from Lattice QCD
simulations
As noted in the previous sections, the main motivation
for NNLO calculations in PQχPT is that such expres-
sions can be used to analyze the results of PQ Lattice
QCD simulations in terms of the LEC:s of unquenched
QCD. Up to this point, the numerical results presented
in this paper have illustrated the quark mass dependence
of the NNLO expressions for a given set of LEC:s. In
this section, the attention is turned towards finding effi-
cient methods of determining the LEC:s from fits of the
NNLO expressions to future Lattice QCD data. It should
be kept in mind that the LEC:s denoted by Lri and K
r
i
always refer to the L
r(3pq)
i and the K
r(3pq)
i of the PQ the-
ory with nsea = 3. An equivalent discussion for the case
of nsea = 2 can be found in Ref. [11].
At NLO, the expressions for the masses and decay con-
stants of the pseudoscalar mesons can be separated into a
tree-level contribution, which is a function of the Lri , and
a remaining part independent of the Lri , which involves
the chiral logarithms. In the following developments, the
average quark mass is denoted by χ¯, where the index de-
noting the power of the sea quark masses averaged has
been dropped for simplicity. Note also the use of the
product of lowest order sea-meson masses χpiχη, which
was defined in Eq. (28). For the most general case of
dval = 2 and dsea = 3, the dependence on the L
r
i is then
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proportional to
f
(4)23
ct ∼ 3χ¯ Lr4 + χ13 Lr5 (79)
for the decay constant, and
δ
(4)23
ct ∼ 3χ¯ (2Lr6 − Lr4) + χ13 (2Lr8 − Lr5) (80)
for the mass [7], from which an overall factor of χ13 has
been removed. The expressions for the more degenerate
quark mass cases can then be obtained by consideration
of the appropriate limits. For the expressions in Eqs. (79)
and (80), these limits can be taken straightforwardly, and
it can be seen at once that only the simplest (1+1) mass
case is required in order to determine all the NLO LEC:s
present in the expressions, since one can determine Lr4
and Lr5 by fitting Eq. (79) to Lattice QCD data, and
then use this knowledge to determine the remaining two
constants from Eq. (80). The more complicated cases
with nondegenerate quarks are thus redundant for a de-
termination of the LEC:s at NLO.
A similar analysis at NNLO becomes more challenging,
not because of the analytical complexity of the NNLO ex-
pressions, but rather because the chiral logarithms are no
longer independent of the Lri . On the other hand, the de-
pendence of the NNLO expressions on the Kri is similar
to that of the NLO ones on the Lri , with the exception
that the Kri parameters at NNLO are slightly more nu-
merous than the Lri at NLO. In all, the O(p6) expressions
depend on a total of 12Kri parameters, all of which occur
in the expression for the meson mass, whereas the expres-
sion for the decay constants only depends on five of them.
For the decay constants, the expression for dval = 2 and
dsea = 3 can be factorized into the form
f
(6)23
ct ∼ 2χ213Kr19 − χ1χ3 (Kr19 −Kr23)
+ 3 χ¯ χ13K
r
20 + 9 χ¯
2 (Kr21 +K
r
22)
− 6χpiχηKr21, (81)
up to an overall numerical factor which has been omitted.
From this expression, it is then possible to determine all
5 LEC:s Kr19 through K
r
23. The (1+1) mass case suffices
to determine three combinations of LEC:s from Eq. (81),
but in order to separate Kr19 from K
r
23 at least one case
with dval = 2 has to be considered, otherwise only the
combination Kr19 + K
r
23 is accessible, as can be readily
seen by setting χ3 → χ1 in Eq. (81). Similarly, in order
to separateKr21 from K
r
22, at least one case with dsea = 2
has to be considered, since only the combination Kr21 +
3Kr22 can be distinguished for completely degenerate sea-
quarks, i.e. dsea = 1. This analysis is identical in form to
the one for PQχPT with nsea = 2 given in Ref. [11]. It
is actually possible, by making the replacements χ13 →
χ12, χ¯ → 2/3χ34 and χpiχη → χ3χ4/3 to recover the
corresponding expression for nsea = 2 from the present
one given in Eq. (81).
The dependence of the meson masses on the Kri is
somewhat more involved, but the structure in the quark
mass combinations is similar to that of Eq. (81). Ex-
plicitly, the dependence of the NNLO shift of the pseu-
doscalar meson mass on the Kri is proportional to
δ
(6)23
ct ∼ − 2χ213 (Kr17 +Kr19 − 3Kr25 −Kr39)
+ χ1χ3 (K
r
19 −Kr23 − 3Kr25)
− 6 χ¯ χ13 (Kr18 +Kr20/2−Kr26 −Kr40)
− 9 χ¯2 (Kr21 +Kr22 −Kr26 − 3Kr27)
+ 6χpiχη (K
r
21 −Kr26) , (82)
from which a factor of χ13 as well as an overall numerical
factor has been removed. As for Eq. (81), the (1+1)
mass case here gives access to 3 combinations of LEC:s,
plus an additional combination for each of the (1+2) and
(2+1) mass cases. In all, 5 additional combinations may
be determined from the mass expression, even though the
dependencies are slightly more entangled. However, it is
clear that simulations with nondegenerate quark masses
are needed in order to obtain independent information
about as many of the Kri as possible. On the other hand,
when one determines the Lri from NNLO fits, it may be
convenient to work in the (1+1) mass case only, since it
is then still possible to distinguish all of the Lri , while the
number of distinct combinations of Kri parameters is as
low as possible, which makes the fitting somewhat less
complicated.
It is also useful to compare the three-flavor result in
Eq. (82) with the analogous formula in the two-flavor
treatment of Ref. [11]. As for the O(p6) terms from
the three-flavor decay constant, the terms from the mass
expressions can be similarly translated into the expres-
sion for the two-flavor case using the replacements men-
tioned in connection with Eq. (81). Any apparent dif-
ferences in the numerical prefactors are then only due to
the slightly different notational conventions between the
present work and that of Ref. [11]. Some additional Lri
show up in the NNLO expressions, namely Lr0 through
Lr3 and L
r
7. It has been noted in Ref. [7] that L
r
7 can
be determined from the properties of the double pole of
the PQ neutral meson propagators. This quantity has
not yet been calculated up to NNLO. The other four Lri
are those which are relevant for meson-meson scattering.
In the present analysis, their values have been used as
input, but they could in principle be separated from the
Kri since the terms where they are present depend non-
analytically on the quark masses.
While the number of free parameters in the NNLO ex-
pressions which need to be fitted to the Lattice QCD
data is certainly large, the above analysis has demon-
strated that their number is neither unmanageable nor
overwhelming. In particular, the possibility of producing
Lattice QCD data for different combinations of sea and
valence quark masses should simplify matters consider-
ably.
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VI. CONCLUSIONS
In this paper, a complete calculation of the mass of
a charged pseudoscalar meson to NNLO in PQχPT has
been performed, and explicit analytical formulas of a rea-
sonable length have been given for all relevant degrees
of degeneracy in the input quark masses. In addition,
the hitherto missing NNLO result with three nondegen-
erate sea-quarks for the decay constant of a charged pseu-
doscalar meson has been provided here. These expres-
sions could be brought into a manageable size, since the
residues of the PQ propagators in the neutral meson sec-
tor satisfy a large number of relations between sums of
products of ratios of differences of quark masses. As elab-
orated in Sect. VA, the results have passed a variety of
nontrivial consistency checks, analytical as well as nu-
merical.
In the numerical analysis of the NNLO expressions,
various plots for different choices of the input quark
masses were presented to indicate the typical size of
the corrections. From these plots, it is certainly evi-
dent that the total NLO + NNLO corrections may be
uncomfortably large, unless the input quark masses as-
sume very small values. However, it is known that the
NNLO corrections in unquenched χPT are rather large
as well [20, 23], which is especially true for the case of
the meson mass. The fact that the partially quenched as
well as the unquenched expressions depend sensitively on
the values of the Lri as well as the K
r
i suggests that this
problem may be entirely due to the omission of the Kri
from the numerical analysis. Thus, once a realistic set
of values for the LEC:s is available, the convergence of
the expansion up to NNLO should be dramatically im-
proved. Nevertheless, one may readily conclude that the
NNLO effects are bound to be nonneglegible for values of
the quark masses that are presently used in Lattice QCD
simulations.
As yet, no fits to available Lattice QCD data have been
attempted, as such a comparison is beyond the scope of
this article. It may be noted that an extrapolation of the
simulation results to zero lattice spacing and to infinite
volume is necessary for a rigorous comparison with the
PQχPT expressions, but on the other hand it is possible
to simply include such effects as extra uncertainties in
the determined values of the LEC:s.
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